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Basic Skills and Technology

- not a Contradiction, but a Completion

Josef Bohm, Bundeshandelsakademie St. Polten
T° - Austria and DERIVE User Group
nojo.boehm@pgv.at

Abstract

Avre certain basic - manipulating and other - skills still necessary in math teaching? If so,
then we should talk about which ones and in which amount. Some examples shall de-
monstrate that we can use modern computer and hand held technologies to encourage
pupils and students of all levels to practise those skills which might be neglected in many
cases using technology in math education. The examples presented have proved to be
successful in classes but certainly there are many possibilities to improve the basic ideas
in many ways using the features of all resources available at the moment.

At almost all discussions on the use of CAS in teaching mathematics the question appears mathema-
tical basic (manipulating) skills are lost by using computers or not. At the same occasions it is empha-
sized by the members of the discussion that there is a need in investigating which basic skills are still
necessary and in which amount.

I start from my point of view that - at this moment - we cannot and should not do without certain basic
skills in mathematics. | feel unable to give any forecast for the future. | am sure that we could signifi-
cantly rise the acceptance of technology in teaching mathematics by sceptic and critical teachers or
technology refusing edu

cational systems if we would be able to apply technology not only to present real life problems or new
- for some people radical - didactical approaches but also to improve basic calculating and manipula-
ting techniques and mathematical capabilities. We can very consciously practise all those techniques
using technology which could be neglected by a (t00?) intensive use of the technology.

It would be necessary and helpful to set up a list of such basic skills which teachers would like to have
practised by their students. From my own experience | can say that it is very useful to provide tools
for the pupils - or students which enable them to help themselves in case of troubles and difficulties. It
is not sufficient to have a textbook with lots of examples followed by the solutions and the students
don’t find the way from the problem to the solution. At the other hand it is not sufficient to have prob-
lems followed by a step by step solution. Sometimes it could be useful to work out a student - compu-
ter interactive strategy to help overcoming some deficiencies.

I collected some skills which could be practised and improved using computers (that is only a glimpse
and | know that the discussion could lead to the conclusion: "we don’t need this or that any longer in
computer age".).
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» Estimating numerical results

« Working with percentages

»  Working with fractions

e Applying elementary algebraic operations (factorising, ......)

* Recognising types of functions by their graphs

e Using functions (Relations) and their various representations
» Solving equations (linear, quadratics and systems of equations)
e Calculus techniques

* Improving 2D and 3D imagination

¢ Calculating mentally

¢ Transformations of functions

Incited by ideas from Jan Vermeylen (Belgium), Heinz Rainer Geyer (Germany) and Johann Wiesen-
bauer (Austria) | tried to produce training- and practise programs for my students (secondary level II),
which | want to present as seed for further developments. The platforms are DERIVE and the hand
held revolution, T1-92/89. The only reason for this choi ce is because | mainly use those to CAS. | am
sure that you can use each of the available systems. The goal should remain the same: developing
softeware products which will meet our - the teachers” and the students’- very special wishes, ideas
and visions.

I have tried to work with such tools since long. In my first years working with computers | produced
programs written in BASIC. It is quite nice to follow the development of hard- and software on one
application: The Rule of Vieta, presenting random generated examples.

I will allow a nostalgic look into the program code — | am happy to have done this a couple of years
ago. It helps a lot to write programs with modern software tools.

UILCLTaA - UIUNGSI'ROGHAMH

nufgabe 2 davon richtig: 1
qg* - Yg + £9 - 0

Hie heilt die 1. Losung ¢ = 7 5
1

Hie heildt die £. Losung g -~ F
7
lcidecr Fal=sch *
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Datei finsicht Suchen Ausfihren
UIETA.BAS
10 'x=xxx Trainingsprogramm zum Vieta’schen Wurzelsatz

15 'x=xx Programmname M 1

20 ° Bohm 1985

£5 COLDR 15, 1

30 RANDOMIZE TIMER

100 CLS : LOCATE 5, 20: PRINT "W I E T A - UBUNGSPROGRAMH™
110 LOCATE 6, 20: PRI Teeeeeeeeceeeeseeeeeeeeeee=s "
115 AU = Al + 1

120 LOCATE 8, 10: PRINT “"Aufgabe”: AU

130 LOCATE 8, 40: PRINT “"davon richtig:":; R

Bearbeiten

Debug Optionen

135 FOR Z = 14 TO 22: LOCATE Z, 1: PRINT STRINGS(?5, " "): NEXT 2
140 T = ©
200 B = INTC(RHD(1) = Zb) + 97

210 X1 = INT(RND(1) = Z21) - 10: X2 = INT(END(1) = 31) - 15

215 IF X1 = XZ = 0 OR X1 = —-XZ THEHN Z10

220 BS = CHR5(B)

225 K1 = -1 - XZ2: K2 = X1 = X2

226 IF K1 < 0@ THEN U1S " ELSE V1§ et 1

Direkt

'UMSCH+F1=Hilfc F6=Fenster F2=SUBs FS=Ausf F8=Schritt 00001:001

Then I changed to DERIVE working with a class in the computer lab:

H3: VIE(3, x)

- z -
x —1493=0
Z
4 : x - Z1-x + 108 =0
Z

- x —5x-6=0 -

- Z -

x —493 =0
Fd

Ho: H | x - 21-x + 108 = 0

o

Congratulations if you are right. Now try the next five problenst

Press any key to continue_
Simp(#5) Free: 100 Derive Algebral

The idea remained the same, the tool changed and it changed once more to hand held technology.
I rediscovered my old BASIC-program, converted it to the TI's syntax and my students practised
"Vieta" in the lessons, in the breaks, at home, sometimes in the train or sometimes just for fun or —
how a girl told us — as a means to find her concentration before learning for other subjects.
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Froblems: 1, correct 1

g2+ 18.g+8a=n
1.D5n1utioh=

2. Solution:

right

End = ESC. rnext = any

i -:i':‘T}-‘- b

HMAlN DEG AUTO

sorrd, false #®1 = 11, =2 =
End = ESC. next = any
FUML 0750 | AN DEG AUTO FUNC 0750

cZ-10-
1.15D1utioh=

Problems: 3, correct 3

c-11=n

%. Solution:

LEU:t |

Allow me another memory of my BASIC past: a program to revise the students” knowledge on set
theory. | am still using this tool, the students like it and it doesn’t take too long time to achieve quite

reasonable results.

=

GABE:

19,17,12,20,15,2,3,25,7,10,16,11,6,22%

{20,16,17,11,6,7,15,12,25,22,2,9,3,10}
{20,22,6,15,3,9,11,10}
{12,25,11,16}

Aufgabe : (A N B) N (A N C)

ANBYN (ANCG) =

19,17,15}

Das stimmt leider nicht.

ANBYN (ANC) =

116,12,25%

Problemn: (AUB) N CAUC) n CBUC)

r

icht igt!?
{ENTER?>

Some other examples are following:
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<ENTER?:>

Fur die Mengen nur
den Buchstaben, fir
die Teilmengen nur
die Ziffer eingeben.

Teilmengen werden
grun gefullt. Beleg-
te Teilmengen konmen
durch nochmaliges An-
sprechen geleert wer—
den.

Die Eingabe kamnn ab-
geschlossen werden,
wenn nur mehr dunkle
Teile vorkommen.

? lost das Problem !
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Practise factorising (Jan Vermeylen)

MBI POLIZS

L2 . ase PCL( n) produces n random
3
3 2 number generated problems.
Haa: Q- - T2-x + 216 -x
3 2 2852 -x
Lo 3:‘ T The students have to factori-
B S i N se using pencil and paper and
. gp pap
21 9-x-{x — 8-x + 24) - -
then check their solution.
[ - 6o+ T - 7] P - - - 7]
e s The file could easily be
95 - 27 changed to practise special
3 2 . . -
[2as [ 78 T 818 nc 80T - 3T types of factorizations if
49 -x + 84-x + 36
36-%° + 96-x + 64 necessary.
9k — 120 ] . - .
9.0 + 4B (x - A Settings of factorization mo-
9 .
hos: | 2000t Do - k] des - Rational, Complex, ... —
2 - - - -
G gives a nice variety of points
4-(3 -3 + 4) A f i
of view.

(This example is some years old and could be adapted to other platforms)
Then it could look like the next trainings tool (JosefBohm). My students like it and use it:

ers

Fer j _ Fzw
of Binomial s [iily
ETrinomials

fProduct o
SiThe Buiz

lgebraCh . . .
e Tz 5 5 I will demonstrate the program including error ana-

lysis and Help function. We want to practise cubics of binomials

?‘-l..u-S-aj3
>

T4TuI-TISW 2a+425uEat2 -TSa"3

Sorrd, weohg!

Check cubics!

lWang Wariable or unidentified erraor!

Correct [11] Help [21
Fesult [3] Hext. [41]
RLGEERAE RAD AUTH FORC 1750 FALGEERAE RAD ALTO FUHC 1730 A Press 2

C-SalEHI0TWI5aYE-F05a) (PUI ZH( T3 I I-FITu et 42ouka"2-125a"3
Sorrd, weohg!
Correct [11 Help [21 Check mixed products!
Result [31  Hext [41 Correct (11 Help [2]
Fesult [3] Mext [41]
RLGEERAE EAD ALTH FINE 1730 rmm Press 1 riseeres EAD ALTH FORC 1750 rmm Pressl
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Check Wariables!
[11
[31

Help
Mezt

4Z0 T -735u 2a+5250a"2- 125573
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7

[21
[4]

?‘-l..LI—S-a:I3

Z43u0T 735w 2a+525wan 2125403
Check Wariables!

547 wS - 735 8wl + 525 a2 w - 12557

[11
[31

[21
[4]

Help
Mezt

Press 3

The screen shots are self explanatory.

They practised squaring and cubing binomials, squaring trinomials, multiplying binomials mentally
and with "The Quiz" they were presented a random generated sequence of problems. So you can have
competitions in the class room and the pupils become very,very busy, even the weaker ones.

The next example is from H.R.Geyer to help students improving their mentally calculation skills.

ICOMMAND
Enter o

Simp (H#3I)

~ 2
15 ~ 2
37 : SQUARES(S. 20) = 11 vt 2
& vt 2
4 vt 2
1634 rovoo38
1224 nit 36
37 T 66
59 - BB
f38: MIKED(10, 100) = 16 R
52 TmT TFO
36 et 97
&6 - To
a3 ' 95
L 42 = 88
{39 1624 —12:4 = 34, 37 + 66 = 103, 59 - 55 = 4,

Yright
“right”
Ve ight'
Ve ight'
Yright
“right”
Ve ight'
Ve ight'
~right'

H ﬁm Build Calculus Declare Expand Factor Help Jump soLwe Manag
t_P 1ons Plclt Quit Remoue Simplify Transfer Unremnouve mole Window BPP!‘DX
ion
5 CNDFDSDHNLADNLITNMT  Free: 1007

16 + 19 = 35,

Derive fAlgebra

| ZZEMSER (5 )]
3 "de element is :"
["het "verschil is :"
3 "de element is "
["het “verschil is "
? “de element is :"
23 [
“het "werschil is :"
14 "de element is :"
[ 2 "de som is "
10 “de element is :"
[ 14 "de element is :"

22
19 ]
14
14 ]
-163
o
-32

-39 ]

81

113 ]

J. Vermeylen produced a DERIVE
file to have lots of "standard prob-
lems" dealing with arithmetic series.
"verschil” is Dutch, it is the differen-
ce d of the series.

The next screen shot is the final result of a very busy discussion in the DERIVE community to produ-
ce a sort of report when solving an equation and applying various equivalence transformations.
Johann Wiesenbauer - who else - solved the problem with a very sophisticated tool.
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So students are able to reproduce, what they have done using paper and pencil and check their results
with the computer’s ones. They find their mistakes by themselves.

D DOCE - 1) = (Z.x = 23
@
.Do[—z]_(x_l)
2-x + 1
3 - 7 = 2@
2.x + 1
3

e + 71
LNC@>
LNC(32 ]

e - 11

@
=]

x = 1 [ ]

= a7 [
i play = 2+ 1 =3

2-x = 2

: m:t:om:;[z'xa+ r _t _54"‘] = [ 5

2-x + 1

_ 1 -4-x

! DOCE-15) = (5-¢2.x + 1» = 3-¢1 — 4-3))
D DO(@-15) = (1@-x + 3 = F - 12-x)

! DOCE - 1@.x) = (5 = 3 — 22-x)

P DO(E - 3» = (2 = - 22-x)

3 1

: Do[ “22 ] [7 11
2.+ 1

e

5.(2-x + 1) =

5=3 -

= x]
1 - 4-x

5

22 . x
! play =

- 2z-x [-

[15.-@]

F-C1 - 4-x» [@ - 19-x1
@ - 21

L]
22]

[}

I found it useful and necessary as well that students can find the equation of a linear function, seeing
its graph. They also should be able to have an imagination of the graph seeing the linear function very
quick: "Match the Line!". Then | added some other tasks, as finding parallel and perpendicular lines
by inspecting the grid and applying the various forms of the equation for a line

i v B Fi ' Ll L " 3 T i v B Fi

] YIS A ST PRI e T TP 5 TSPV i PN A L L
Endt @ _AHesdd “1 0 T BT ":H
Pos e 1o Endi & i + i ;
-.f.-ff ql-":!-? e Paeallel " . ymde 23 ¢

0 el b L= -~ | R /!

= a7 — s - T % -’,l,r' ¥

. | a—— &4 s
right - | ] : Y F -
EHTER, Erces - ! EHTER, Erces s
| = ] 1 F.
| 7

TTE] T wre TENE B790 NCTE [N ToRE 4798 WCTE T wre TENE B790

5 sl pi g

lence + EnTER

Q-u=-2-x+43

1,4l

S5, 359

2,42

I -
S

I DEG AUTD FUNC_Er=0

Another course of the Lines-Menu: "Find two points!"
You enter the coordinates of two points which should ly on the
given line, see two "balls" on the grid and if you are lucky the
line passes the two "balls". The linear function appears in various
representations (explicit, implicit, ..)

Finally I produced a "game". Give some random points on the grid and let the students hit them with

as few lines as possible, or do that with parabolas

CEnde = &2 B -

- - a- - oa- - - - - - -

u=1-w3 |
P T S
L I S

AN DEG AOTO FIONC 0750

(Ehde = &3 B
I PP W g- - - -
u=d—4 |k
B T
T A
AIH DEG AUTH AT

Another tool helps my calculus classes to improve their calculus techniques. | transmit the program

calc() on their T1-92/89s and then they are able to practise whenever they have some time and what
they believe to be necessary for them:
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1:Polunomials
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i [SC B
R A B

: awerfunctio 2:Z Powerfunctions Differentiate:
JiProdyct Rule IiSubstitution - 1his)
4iuotient. Fule = =
SiChain rule 1 : %_parﬂ = (W5, d-wc+uw+9
&:Chain rule 2 &:Fartial Fractions
FiProdEule & Chaink Frilntegration Buiz
SlAuctEule & Chaink
caloil caloil
TYFE OF USE £314 + [ENTER] OF [ESC] CALL AR AUTD FUHL EFET] THLT FAD AITD AT IFALZE]

s,--I D ]’5'3 li'wI B
et fufgnio pealdifeba 0w

InCxd s du™24u+90"2
ight.
Menus [ESC] Mext: [EMTER]

— Intearate:
dowt+u+I 2 OS2
R N PR Pt S ZHsinC 2wl

wrong. to Znd attemet -3
rress EMTER.

Intearate:
2 OS2

“2sintZxd
Wrong. cortect is:
sing2- )

CHLL EAD AUTO FUHC | ELIEY CHLL

EAD AUTO

FUHC IFfall ZE] CHLL

EAD AUTO FUHC IFfall ZE]

I know that there can be lots of improvements. It would be better to explain the way how to do it cor-
rectly to have really a learning tool. What do you say to the next program, written by Philippe Fortin
from France. He calls his program "stepder" from "Stepwise deriving functions":

A

(i sT='

IR

A

R OO R

Computing the deriuvative of
th)=x3-sin[x3]

Flad = 100 F20:0

d d d

ol FU) = (FL00) - P20 + [ F20:0) - F10)
Derivative of factor #1

Computing the deriwvative of

£ = 3
STEFDER

RAD EXACT FUHEL 30750 JF 110 26l

ComPuting the deriwvative of

FLix) = %
™' = n owtih—12

d

H(r1ea) =307

Derivative of factor #2
ComPuting the derivative of

F200 = sinlx)
STEFDER EAD EXACT

FUNE 0/50 [F il El

Frarch

N Pra £
AT ITTC =T

d
Derivative of factor #2
Computing the deriwvative of
£2030 = sinl =2

It's a functions composition
F2000 = Ui

+x1 = 5100 x)

3

UCx) = 3
STEFDER

FRD ERACT FUMC =050

E

u(xj=x3

The deriwvative of $lutxi) is
W' g Cudsad

$ixd=sinCx)

The deriwvative of 4 i=s

%ﬁ $Cx)] = cosix)

F200 = sinfuix
STEFDEFR RAD ERACT

FUHC Z0/50

:

Computing the deriuvative of

u(x)=><3
LRl = noKtin—12

%(u(x}j =32

then ...

%(FZ(;{)) =3-%2 coslx?)
STEFDER FiAD ERACT

FUML 30750 JF 11l 6]

Ther ... E—
%(F2(X33=3'X2'G05[x3]

The deriwvative of
=100 200
is then :

%ﬁf‘(x)j = 3-><5-c,05(>c:3:] + 3-><2-5in[><3]

End of the step by step computation.

STEFDER FRAD ERACT FUHE 30,50 s

The last example is part of a whole sequence to teach the pupils how they can help themselves rea-
ching a sound level in working and manipulating with fractions.

Before working with fractions we had together developed a function kgv to calculate the LCM of two
general expressions, to check the common denominator and then we used a selfmade function
ew(expr) to find the expanding factor for the denominator expr with a common denominator gn.

Step by step the students can perform their calculation and check it using the calculator.
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From the T1 92 Worksheet 3

We have predefined a function ew(expr) which returns the expanding factor for a fraction with denomi-
nator expr and the given common denominator gn

Train your skills in calculating and manipulating with fractions

16a + 37b + 6ab

4a+10b 492 —25p2 s

Example 2:

Calculate without the TI. Write down your result: ..........cccccceveveveivennns

Here it is.

17" Fer Fxr Fuyr FE FB R . .
[ =l gebraleiicotiir prnolciea sz | can you find a reason why this calculation could cause
a very special mistake?

a 15" a+3?b &-a-b _
4.3+ 10-b 4.52_25.}:,2

Ib
Z(2-a-5h
(16a+37?h)/{4a+10hr+ba*xh/{4a™2..

MAIN FAD AUTO FUMC 1430

TR A S I Compare the common denominator and the factors
~ f—|Alasbral|Calc|0ther |Prani0(Clear a—z...] .
=t==—=-t7 used to bring all the numerators over a common de-

"kaul4-2+10-b,4 22 -25-b%) + an i
2(2a-5b)(Z-a+5b) nominator.
Teulda 1Dl 2275 Explain the last part in the edit line:
meul4 32 - 25-67) 2
m15-a+ 37 bI(2-a-5bl+& ab-2-4-gn -4 [ gn-
6-a-b+15 k< '
LA rd PR AWL-Sel) PRIk L niilll | How to work with an expanding factor

ew()? -4 Oew....).

HMAlN KAD AUTO FUNC 5/50

o i
|v{—Fllgebr*a l:ali: Ot her PPngD Clear a- Z.. ]
= ]

The remaining work is very easy: m ew(d-a+ 18 -b) T T sk
moyld 2% - 257 2
le-a+37-b1(2-a-5bl+&-a-b-2-4-an
E-a-b+15-b2
 Gab+15-b? b
an Z2(2a-5hk)

s C12/9n
MAIN

FAD AUTO FUMC B/30

Explain the relation between left and right hand
side in the last row of the history area:

The underlying basic idea sounds very strange and controversary:
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In addition to all the wellknown reasons to include modern technologies into mathematics teaching,
which | like and support in a very high degree, | also use the technology in many cases to improve
manipulatings skills which seem to be no longer of any importance by using these technologies.

If you would like to try some of the tools presented in this paper, then please contact me. I would ap-
preciate any suggestions and ideas dealing with this topic. The T1-92/89 programs al gebra(),
I ines() andcal c() are distributed together with the bk teachware books (references).

Very recently | turned back again to my "first love™ DERIVE - with version 5. Fortunately my collea-
gue Tania Koller and I could split a class for mathematics and we are working with DERIVE in the
PC-Lab. Using the programming capabilities of DfW5 | tried to transfer my DERIVE for DOS - T1-92 -
ideas back on the PC-screen. And it worked wonderful:

Although the screen shot is in German, but | think that you can follow:

Rechnen mit Termen

Wit  gu= wird immear ging neus Aufgabe zum Quadriersn aufgendfen

it ku = ergibl sich eine Aufgabe fum Kubieran,
tr= ligfort @in Beizpiel zum Quadr eran aines dreigliedngen Ausdrucks,
pr= fuhrt zum Frodukd von 2wl Binomen;
di= Obt das Produkt aus der Cafferénz dwesisr Binoms

kit te = arhalt man aine zutalkos Autgabe aus dam kompletien Angabat

qubini=, kubin)=, tribin)=, privn)=, dib(n)= und tebink= ezeugen Folgen von n Aufgaben
der jeweils gewahien Aufgabengrupps

Die Richtigkeit wird jevieils mit  res = oberprof

2
B3: qu = [— 31 - G 'p)
2 2
(EE ch(9-i + 36-p ) = check double product!
F i
BS: ch(9'1 + 36'1'p + 36'q ) = check squarest
2 2
G eh(9-1 + 36-i-p + 36'p ) = correct?

gu= presents a square a random generated square, ku= a cube, t r = a square of a trinomial, pr=a
product of two binomials of form (a var; + b var,) (¢ var; + d var,) and the student is asked to perform
the multiplication mentally, di = gives a product of form (a var; + b var,) (a var; - b var,) and finally
t e= brings a randomly chosen task on the screen. qub( n) = presents n problems of form qu, etc.
You can see that the learning and practising tool will not only provide the correct result with r es=,
but and that is important gives an advice where to look for the mistake.

The underlying programming structure can be found in [9].

I used a similar idea to practise factorising general expressions and/or polynomials
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B Lifi D Faktut .mchk

Trainingsprogramm flir das Faktorisieren von Termen

Jozel Boehrn, 2000

Einzelaufgaben warden aufgerufen wie folgt

hb= Herawshebean von game nsaman Fakioren

th= Teibweizas Herausheben von gemeinsamen Faktoren
qus= Zarlegung eines wolist. Quadrats

Ky Larlequng eines vollst. Kubus

dim Zaregung einer Differenz von Cluadraten

kube= Zarlegurg enar Summa odes Diffaranz won Kubsn
tr= Zerlegqung eines Trinoms

nl= Zufallsaufgabss aus den oben genannten 5 Zesegungen
ch- 2eigt das Ergebnis

DERIVE "offers" the task and the student who should perform the manipulation using paper and pen-
cil and then check his/her answer. See one example for factoring out ("Herausheben™) and a sequence
of three problems to apply factoring out together with factoring a difference of squares.

W3
4 3 o
B4z che=FlE -t -ip -{2-C=ig }
4 3 i@
185 v z=18-a uoE
3 18 5 4
% dbe{ 3% 488-m0 -x -1Z8-m-0 -m
1 B 4 3 2 1ia
28B-x & -y —-16T-=x & -y
4 1 1
18a wao-{a )} -{u-a )
i 4 ] 3
;2 eh= 1Z0-m-0 -x -{a+d-x }-{Z-x —6)

¥ 2 4 3 i3
18 & 'w {4t +Jyp {4 -TJyg}

The acceptance and the enthusiasmus of the students were the best confirmation for my work.

5 4 3 . . .
- . - 1RB - 456 -x One can factorize polynomials on different levels of ma-
H PoAy= ! .
7 ? thematical knowledge:
iz = Qi i i
v gex - (x —18-xe76) ch= gives rational linear factors only,
T o chw= returns also the irrational way and if
3 appropriate
fox - {xed5-97 - (x—d5-F) PPTOP .
05:  chw= . chk= shows the complex factorization.
2
- Ly BE A6k 194
Coome BL 729
4 4
g
n?: 9 9
chk==
)
References:
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