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Differentialgleichungen mit CAS 3

Solving Odes Using
DERIVE s ODE1l.MTH

The file ODE1.MTH is helpful to solve first-order ordinary differential
equations. I want to explain the capabilities of this file, complete it and
make its use a bit easier.

The simplest Odes are those which can be solved by separating the
variables. Let's look at an example:

Example 1: (1 + y2)dx + xy dy = 0

Give the general solution and give the curve of solution con-
taining then point P (3/2)

Sketch the direction field, given by (1), some curves of the
general solution and the curve of the special solution!

dy
It is necessary to bring the given Ode to the form: = p(x) . gly)
dx
to use the function SEPARABLE:
W% X
1 J
1: SEPARABLE (p, g, x, y, x0, y0) := —— dy = p dx
q x0
y0
1 1 + y2
After separating the variables I get: p = - - and q = —-—-———-—
X Yy
and this leads to: (in Derive 5!)
#Z: Logarithm := Expand
2
I i l l LN(y + 1) LH{yl + 13
#3: SEPARABLE |- — - p = LN{xB} — LM{x}
H4: [* e Real (B, w)}, y e Real {@,. w«)
2 2
LNy + 1) LN{yv® + 1)
#5: SOLUEl P - P = LN{xB@} — LN{x}. yl
2 2 2 2 2 2
JExB -{yB + 13 — x 3} J{xB -{yB + 13 — x )
fe: = - vy =
x x
2 2
[ 1 1 +y ‘ [ LN{y + 13} LN{5}
#7: SEPARABLE |- —, —, x. ¥. 3. 2| = - = LN{3} — LN{x}
x v 2 2
2
l LN{y + 1) LN{5} ‘
#e: SOLUE - = LN{3}) — LN{x). v
2 2
2 2
J(45 - x ) JE45 — x )
#9: Yy = vy =
x o
2
2 x — 45
#18: y = -
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Without the declarations in #2 and #4 one would get bulkier expressions.

I prefer the general solution containing a parameter ¢ to get the family of
curves presenting the multiplicity of all solution curves.

1
#11: gen_sol _sep{p. g. X. y) == I — dy - I pdx = ¢
q

[ »
1
#12: spec_sol_seplp, g. xB, yA, x. y) = J — dy = ‘I‘ p dx
q x8
ric]
2 2
i 1 +y N{y + 13}
#13: gen_sol_sep|- —. ———| = |LH{x) + =
x y 2
2 2-c 2 2-c 2
LH{y + 1} J{E - x 3 J{8 - % )
#14: SOLVE|LN{x)} + —— =c, y| = |y = — vy =
2 o ®
2-c 2 2-c 2
J{E - x 3 J{E - x )
#15: y = - - B =
b4 x
2
1 1 +y
#16: spec_sol_sep|- — —,. 3, 2
X Y

after solLving for y we obtain the same results as in #9 above.

Now I want to plot not only the graph of the special solution satisfying
the condition y(x = 3) = 2, but also a familiy of curves representing
solutions of the given differential equation and bed them into the
direction field, given by

1 + y2

Xy
DERIVE provides the function DIRECTION FIELD (part of DERIVE 2.xx's
file ODE APPR.MTH) for our purpose.

How to use this function is described in the manual:

I've made up my own FIELD-function, because I want all the tangent segments
to have the same length.

Try this and you will get fine results, if you consider the following
hints.

2

1 +y
#200: DIRECTIOM_FIELD|- ———_ x, -8B, 8, 16, vy, 6. 6, 12

x-y

dir{r, x. y, x8, y8) ==
If LIMCLIAC(L %, x. xB), y. y@) = @
n21: [xB,. yA + t]
LIM{LIM{[x + tAJd{1 + »*23), y + p-t/J{1 + »"2)], x, xB), y, yB)

B22: feld{r. x, vy, x1,. »xr, xz, yd,. yu, ys) = UECTOR{UECTOR{dir{r, x, v, x8, yA),. xA,

w1, xr. xs). yB, yd, yu, ys)

r is the slope r(x,y) = y'(x,y); x1 and xr give the left and right border,
xs the x-increment; y varies from yd to yo, with steps of ys.
2
1 +y
#23: feld|- ——, x. y. 8, 8. 1, 6, 6. 1

xy
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With feld() you can vary the length of the tangent pieces by setting the

values for parameter t, -0.25 £ t £ +0.25 is recommended. Plot the
direction field in blue.

Set the appropriate scale, switch off the automatical change of colors,
switch on Approximating Before Plotting and plot .... and then you will
watch how the direction field will spread across the defined plane.

I've brought the function term in a more convenient form and build up two

vectors of the family of curves, which represent the general solution.

#24: UECTOR l—

J{c
#25: UECTOR

Plot them all in red

-~
e
-
-

with the given point:

45
H36: y = - ———,. [3. 2]
2

Many things have changed since 1991: You need not loading the utility files. Derive
recognizes all functions which are provided in the utility files (which you can find in the
MATH-folder. It was not possible to plot implicitly given functions (#36).

We can do this now, see expression #38 . 5 2 2
#38: UECIOR|y = ———, ¢, —28, 28, 2
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Example 2: (1 + ex) yy' = e” spec. sol. P(1;1)
Example 3: y'sin x = vy ln vy y(n/2) = 1/2
x
8 i
#26: spec_sol sep|——————. —, 1. 1
x Y
1 + &
2
v 1 by
#27: —— — — = LN{& + 13 — LN{& + 1}
2 2
2
y 1 b4
#28: SOLUE 5 LN¢E + 1) — LN{& + 1), y
o o
#29: y = — J{2-LH{E + 1) — 2-LH{E + 1) + 1) v y = J{2-LH{E + 13 — 2 -LH{E + 1> + 1)
x 2
#30: {y = — J{2-LN{& + 1% — 2-LN{& + 1} + 13}
el N i i i sl s R T =
T T T e T e e
2 x o e o o e T et
#31: vy = 2-LN{& + 13 — 2-LN{g + 13 + 1 o =
I A A A A A A A
FAV AV VAN AV AN AV Y §
*® | | | | | | | | |
z 1 1 1 1 1 1 1 1 1
#32: feld|—— . x. y. B. 5. B.5, -3_. 3. 8.5
X I T T N
v-(g8 + 13}
e e
e T T T, M T T Ty T T
e e T e T e
e e T e T T, T, T, T, T

i n i
#34: spec_sol _sep|—. v-LN{y), —. —
SIN{x)> 2

pr R [ [ ]]
#35: LN|———| - m-1 = LN|TAN
LHN{2)

s o 22 -]

ool ) -l ) )
#37: SOLVE|SOLUE|LN|—/———| — m-1 = LN|TAN|—| |- v]|- ¥
LN{2} 2

#38: x e Complex
#3?2: vy e Complex

#48: y = IF[—n < IH[LN[LN{Z}-THN[—E—]] + n-i] L IF[—n < IH[— LN{2}-THN[—§—]] Lom, 2

THN(X/2)]]

i

#41: gen_sul_sep[ . y-LN{y}] [LN(LN(H)) - LN[THN[—E—]] = c]

SIN{x}

#42: SOLUE[LN{LN(y}} - LN[THN[%]] = ¢, y]
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c
X c X g -TAN(x-2)
#43: y = IF|-m < IM|LN|TAN|— +c| £ n, IF|-m < IM|& -TAN|— £, &
2 2
c
#44: & -TAN(x/2}
y =@
c
1 & -TAN(n 2.2)
#45: SOLVE|— = & N
2

#46: c© = LH{LN{23) + 3 -n-i v ¢ = LN(LHE2)) — m-i ~ ¢ = LN{LHE2)) + m-i

#47: &" TAN(x/2) ] — TAN(x/2)
SUBST ly = & . ©. LN(LN(2)) + n-i) = (y = 2
SPEC_SOL_SEP [—gyyees, ¥ IN (¥), -, =]
#48: vy = 2 TANGe2) ¥ [~ 451 I('goéyzx) -y - W [ﬁ] —iw=0
N (- LN (y) / (LN (2) (COS (x) - 1))) = LN (1 / SIN (x)) - 1
1t’s interesting to compare =0
Derive’s solution from 1991 o 2*)‘ Egc))sm(‘xgyz 5= 1
with its treatment in 2004.
Domain declarations are very |, g = 20T () -1/ SIN (x)
important. ' -

Example 4: The logistic growth curve

Logistic growth is described by a difference equation:
Increase of a population y during a time interval dx is
proportional to its present quantity, to the time in-
terval and a factor (1 - y/k) with k as a value for the
environment capacity.

dy = dx - r -y - (1 - y/k)

r is a prop. factor, the growth rate.

dvfdx = r ¥ (1 - ¥/k): r = 0.5; k = 3000; ¥(0) = 100 {(Initial population})

v
#47: spec_sul_sep[i, B.E-y-[i - ——————], a, 1EE]
3aan

y — 3088
#58: SOLVE|2-LM{w} — 2-LN ____E;____ + 21 =%, ¥
w2
3868 -8
#51: gy =
ws2
=3 + 29

I let DERIVE compute the limit of this function to obtain the
saturation quantity
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dyfdx = r v {1 - ¥v/K);:; r = 0.5; K = 3000; w{(0) = 100 {Initial population}

L
#H49: spec_sul_sep[i, E.E-y-[i - ——————], a, 1EE]
Jaaa

y — 3868
#58: SOLUE|2 -LH{y) — 2-LN|———| + 2n

-1 = %, y]
29
X2
3084 - &
#i51: y =
w2
e + 29

s
3ped - &
#52: lim —— = 3084
W0 w2
e + 29

L

#53: feld[E.S-y-[i i
3aaa

]. . y. B, 28, 2, 188, 29848, 288

-30 <= t <= 30

#54: [[8. 188]. 3888]
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Example 5: The general equation expressing the relation between
electromotive force U and current I in an circuit con
taining the resistance R and the inductance L is:

u = L -I'"+R-I

Solve this equation first for a constant U = UO.
I(t =0) =0

Then for U, = 20V, R =5 Ohm, L = 0.1 Henry!
Solve the equation for U = Uy sin(w t)! (w = 40)
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#55: w@ ==
ud - »-i
#5%6: gen_sol sep|l, ————, t,. 1

1-LN(i-» — uB)
Wo?: - -t =-c
) o

1-LN(i-» — uB)

#oB: SOLUE[— -t =c, i. Real]

r
—cprfl — r-trl
r-{c + t) g uBd
#59: i = IF|m £ IM|- ———| £ m. +
1 r r
—c-r'l - p-trsl
e uB
#6A: i = +
r r
ud - p-i
#e1: spec_sol_sepll. " - B, 8, t, i
1-LN{-uB) 1-LN(i-r — uB)
#e2: - =t
r r
1-LH{—uB} 1 LH{i »r — uB}
#63: SO0LUE - = t, i
r r
- r-tsl
ud ud -8
#6d: 1 = -
® r
- 5-ts8.1
28 28-8
#65: 41 = -
5 5

The next question in this example leads to a linear monic

differential equation of the form y' + p(x) -y = g(x). The
function LINEARI (p,q,%,y,x0,y0) helps us to find the solution. My
special form LINI (p,q,X%X,y) gives the solution containing the
parameter c.

I INT p, x. =B, x)
e + g-&
67 =8

LINEARL{p. g. x. y. xB. yB} = y =

dx

JINTCp, . 2B, x)
&

r uf
#68: LINMEAR1 —I—, ——I—-SIN{w-t}. t. i, 8. @
- r-ts/l r-tr1
ud -g {1l-w — & {Ll-w-COSE{t -uw) — »-SIN{t-w)))

2 2 2
l w + 1

- 58-t
#?2: i =1.95-8 - 1.95-CO8{48-t) + 2.43-SIN{4B-t)
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J I p dx
q-e dx + ¢
#73: linl{p. g, x. ¥y} ==y =
I p dx
e
r uB-SIM{w-t)
#24: lini|—. PR S |
1 1
. Trtrsl wB-{1-w-COS{t -w) — »-SIN{t-u))
i=c-& -
#75: 2 2 2
l w +p
- 5-8-,8.1 28-{8.1-48-COS{B-48) — 5-SIN(BA-483)
B =c-g -

#76 = 2 2 2
a.1 -48 + &

- 5-8-8.1 20-{A_.1-48-C05{A-40) — 5 -SIN{@A-48))
c-8 - . c. Real
2 2 2
A.1 -48 + 5

NSOLUE |G
o

#M8: c =1.95

58t

79 i 1.95-8 - 1.95-COS¢48-t) + 2.43-STN{48-t}

#g@: i = - 1.95-COS5{48-t) + 2.43-5IN{48-t)

This is the plot with both solutions #66 (black) and #72 = #79 (red).
The exponential term in #79 is called transient, because it usually
becomes negligibly small after a short lapse of time. Graph of #80
(blue) shows the remaining steady-state term.

la
l3.s i=4-4%&n (500
13 i = 1.95 82(-501) - 1.55 cos(A0t) + 2.43 sin(401)
la.s
g .
1.8
l4 i = -1.95 cos(40t) + 2.43 sin(40t)
B'Ea.ya.iaz '9.93 B.94 ©.95 ©.96 0.87 0.88 0.69 \Q @.11 8.12

(Annotating plots is also a benefit of later Derive releases together with direct simplification using the
= sign at the end of an expression.)
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Example 6: The ODE y' = x + y defines a nice direction field.

Let DERIVE plot this field including a family of curves
fitting into it.

el :

He2:
#e3:

-

#a5:

linl{-1. =}
x
y=c& —-x-1
DIRECTION_FIELD{x + y, x, -8, B, 16, v. -6, 6, 12}

x
UECTOR{y = c-&8 - x — 1, ¢, —18, 18)

x
VECTOR{y = c-&8 - x — 1. c,. B, B.2. B.82)

|
N

/

e
-—

\\\‘-\""-\.\_\_""—\.\_""—\.\__‘—\_m"-\_

\\\ e, —_— —_— -— -— m -— -— -— —_—
e T - - o T T -
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Solving Odes Using
DERIVE's ODE1 .MTH, Part2

Josef B6hm, Wiirmla

I tried to extend the file ODE1.MTH in orderto be able to write general solutions with a parameter ¢
instead of (x0,)0) used in ODE1.MTH. You will find a function to express the integrating factor and a
function to solve the LAGRANGE-DE. The expressions #1 - #4 have been used in Part 1 and will be
used now, too. I collect all the new functions and hints in the file ODE1_EXT.MTH. Having loaded
ODEIl, I merge (load) ODE1 EXT and start working.

(In later MATH-files ODE1.MTH general solutions using a constant ¢ have been added.)

ODE1_EXT.MTH

1
fi: GEM_SO0L_SEP(p. g, x. y) == I — dy - pdx =¢c
q
u x
= |
f12: SPEC_SOL_SEP{p. gq. =B, yB, x. y) == I — dy = p dx
o »x8
@
1 t
DIR{y, x. vy, xA, yAY = 1lim lim IF|— =08, [x. vy + t], |x + ———_ y +
#3: vyl x2x@ » 2
JE1 + 1 )

t-»
J{1 + » 3}

fi4: FELD{y, x, vy, x1, »xr, x5, ypd. yu, ys3 = UECTOR{UECTOR{DIR{». x. vu. x8, y@), x@.

x1, xr, xs), yB, yd. yu, ys)

I INT{p. =, =xB. x
yld + q-8 dx
#5: xA
LINEARL{p. . x, v, xB, yA) 1=y =
INT{p. x. xB. x)
g
I I p dx
' dx + ¢
#6: GEN_LINi{p. g, x. ¥y} := y =
I p dx
e
1 -k
#7: GEM_BERM{p. q. k. x. v} = GEN_LINi{¢{1 — k})-p. {1 — k}-q. x. v b
i
#8: GEN_SOL_HOM{», x. vy} = 1lim GEH_SOL_SEP[———, £ 1im ») — y, %, vy
yrysx X yIK-y
I d
#9:- GEN_SOL_ER{p. g. x. y} == p dx + qg - — p dx| dy = ¢
dy
#18: GEMN_INT_FCT{p. p. o, x. v} := GEN_SOL_EX{p-p. p-q. x. y)
f#ii: I t dv
INT_FCT{t, v} ==&
GEN_FRAC_AUXSy. p. g. x. y) == lim GEN_SOL_HOM{ lim
H12: [v. x]12[y — . x — »] [y, x]1*[y + g, x +
r. X, Y}

r]
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h-k - c-qgq
#13: GEM_LIN_FRAC{». a. b, c. p. g. k. x. ¥} = GEN_FRAC_AU& |y, ——,
aq— h-p
cp - ak
-~ ¥X. Y
aqg — bh-p
I I p dx
q-é dx + ¢
#14: AUZ_LAGR{p. q. x. y)} :==
I p dx
8
- p
H du
LAGR{p, . x, v, v, c¢l1) == |y = 1lim {x-p + g), 1lim p = cl, x = AUX_LAGR|————,
vl vl p— v
d
-/ q - p -/ q
dv dv dv
- —— v, x|. v = AUR_LAGR . = s V. x| p g
P v P -v PV

Example 7: Find the general solutions of the given differential equations
and verify them. Find also the special solutions containing the
given points.

a) xy' - 4y + 2x° + 4 = 0; P(1]-3)

b) y':cos x + y-sin x = tan x; P(n/6]1)
2

c) (1 -x) y' =1+ xy; P(2]2)

These linear monic differential equations must be brought into the form '+ p(x).y = g(x). Then use
LINEARI from ODE1.MTH or GEN LIN1 (p,d,x,y) from ODEl_EXT.MTH to find the general
solution written with a single symbolic constant c.

, 4 2x* +4
Example 7a XY —4y+2x° +4=0 & y-——y=-"TF——
X X
2
4 2-x + 4
#16:= GEN_LIH1L|- —. —
o b
4 2
#17: y =c-x +x +1
Check for correctness of the solution
d 4 2 4 2 2
H1B: xx-— {c-x +x + 1) —4-{c-x +x + 1) +2-x +4 =8
dx
4 2
#192: -3 =c-1 +1 +1
4 2
#268: SOLUE(-3 = c¢c-1 +1 + 1. c. Real)
#21: ¢ = -5
Special solution: y(x)=-5x" + x> +1
2
4 2-x + 4 4 2
#22: LIMEARL |- — - ————, %, y, 1, 3] = {y =—-5-x + x + 1)
o x

using LINEAR1 gives the special solution prompthy.
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, . , sinx tan x , tan x
Example 7b  y'cosx+ ysinx=tanx < '+ = & y'+tanx-y=
cosx”  cosx Cos X
[ SIN{x) ‘
LINEARL [TAN(x), ————
#23: 2
COS ()
va 1 1
y = COS{x)- - +
#24: [ COS (x@) 2 ‘ 2 -COS ()
2 -COS (@)
SIN(x)
gog: CEN-LING lT""("}' 2 ‘ YWhich solution is more comfortable? #24 or #267
COS ()
1
#26: y = c-COS(x) + ——————
2 -CO8 ()
J3-c N3
#27: 1 = +
2 3
[ {3-c
#28: SOLVE(1 = + . c. Real
2 3
2-43 2
#29: ¢ = - —
3 3
243 2 1
#30: y = [ - ———]-003{x} r—
3 3 2 -COS (x)
ar directhy with LINEAR1(..)
SIN(x) n 2-43 2 1
LINEARL |[TAN(x), —————, . y. —, 1| = [y = [ - ———]-COS{x) r—_—
#31: 6 3 3 2 - C08 (>
COS (x)
2 ! ’ X 1
Example 7¢ 1-x)y'=l+xy < y'+|- = |ly= >
1-x 1-x
x i
LINEHRi[ - ‘
#32: 2 2
* — 1 1 - x
2 2 2
LMN{J{x — 1) + ) — LN{J{@ - 1) + xB) — yB-J(x@ - 1)
#33: y = -
2
Je - 1)
1
GEN_LINi[ . ‘
#34: 2 2
x —1 1 - x
2
¢ — LH{J{x - 1) + x}
#35: y =
2
J{e - 1)
2
e — LN{JI{x - 1) + x)
#36: y{x) = 2
e - 1) B37: (1 — x Y-y’ {x} — {1+ x-9{(x))
#3Ig: @
For verfication of the result we define y(x). 439 . 2 .
. . . . . H - -y?! = + -
For proceeding in this session we "redo" this ( x )y 6o X900
definition and go on. #40:  y(x) ==
#41: y ==

14
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In later Derive versions LINEAR1_GEN() was included in ODE1.MTH together with other
_GEN()-functions in order to create general solutions using a symbolic constant (c by default).

2
(JEx — 1) + %)

2
Jix - 13

» 1 c — LN
#42: LINEARLI_GEN » = |y =
2 2
» —1 1 - x

and finally the requested special solution

x i
LINEARL » . ¥, 0n. 2, 2
#43: 2 2
» —1 1 - x
2
2-d3 — LNEL2 — J3Yy-{Jd{x — 1) + 1))
#44: y =
2
JEx - 1)

Both of the following equations are of the Bernoulli-type:
Y+ p(x)-y=q(x)-y" (k= const)
In ODE1 .MTH we found BERNOULLI (p, d, k, x,y,x0,y0).GEN BERN (p, q, k) gives the

general solution with constant c¢. In DERIVES’s ODE1 . MTH from today we can find
BERNOULLI_ODE()andBERNOULLI_ODE_GEN(L

Example 8:
2
a) y'y = e - y'; P(0]2)
b) y'-x3 + y-x2 - (x2+l) -y3; verify the solution
In 1991 BERNOULLT () delivered the solution of the differential
BERNOULLI() now gives the equation:
BERNOULLI number! ¥
1: BERMWOULLT (1, & , -1)
b4 1
#45: BERNOULLI(L, & , -1) = - — X 3 %0
2 2 2 e - 2 x 2 2 =0 2 e
2 Woo= 4+ é w8 -
3 3
COMMAND : IVEESIR Build Calculus Declare E:
Options Plot Qu L = Simpli
Example 8a

This is DERIVES and ODE1_EXT.MTH
#46: BERNOULLI_ODE{1. g, -1}

2 2-8 - 2-x 2 2-x8 2-8
. -8




Differentialgleichungen mit CAS 16

b
x 2 2-8 - 2-x
#58: BERNOULLI_ODE_GEWN{1, & . —-1) = |y = ___E__ + c-8
x - 2%
x 2 2-8 i8-8
#51: BERNOULLI _ODE{1, & ., -1, x, y, B, 2} = |y = +
3 3
a
2 2-8 - 2-8
#52: 2 = + c-B
3
a
2 2-8 - 2-8
#53: SOLUVE|2 = — + ¢c-& - ¢, Real
3
18
#4: ¢ = —
3
Compare with the Derive solution from above!
Example 8b
2
1 x +1
#55: GENM_BERN|—— ———, 3
x 2
o
4 2
2-c-x +2-x +1
56 =
2
u 2-x
3 2 2 3
#59: o' {xd-x F p{x)-x — {x + 1)-pix) =@
4 2
B57: 1 2c-x + 2w +1 #6B: B =8
2 2 #61: y ==
y 2%
#62: vy =y
2
2-x
H5B: y(x) ==
4 2

Example 9: Test the following differential equations on homogeneity.
Find two ways for obtaining the general solutions.

+
a) y'=1%; P(1]2)
y-X
ye'* -x
b) y'=———; P(1/21-3/2) Verify the solution!
xe

Derive 2.05 had a function HOMOGENEOUS TEST (), which disappeared in later versions.

The equation is homogeneous if HOMOGENEOUS TEST () gives back an expression which is free of
the independent variable. We can now reanimate this function or make a new one, which uses the
definition of homogeneous expressions: substituting k x and k y for x and y should result in an
equivalent expression.




HOMOGENEOUS _TEST(». x. v} == 1lim »
Y-y
v+ x y +1
HOMOGENEOUS _TEST =
¥y - x y -1
[TES4
y-@ - x -~y
HOMOGENEQUS _TEST|—————| =y — &
o
-8
LI -y
y-8 -1 ]
HOMOGENEOUS_TEST | ———————| = y —
o x
-8
Proceed with solving the equation:
y*ox
f#t63: HOMOGENEOUS |———
¥y - x
LN|-

Ho4:

2
LN{— =8

— yd-{2-x8 — yd})

Differentialgleichungen mit CAS
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my_hom_test{r, x,
If » — SUBST{»,

ul
[x-

"homogeneous"'
"non homogeneous"
"non homogeneous"

my_hom_test

my_hom_test

my_hom_test

r

vl. [k-x. k-yly =8
L 4
= homogeneous
Y- x
urx
y-8 - x
= homogeneous
uox
-8
usx
y-8 -1
= non homogeneous
usrx
x-8

2 2
*B -{x

2
+ 2%y -y}

2

2

a2

This was the 1991-recipe for manipulating this expression in order to find the solution:

Build #6064,

Manage Substitute x0

ENTER, *, 2, ENTER, E(xp), R(ecip), "ENTER
=1, y0 = 2, ~ENTER
2 2
x +2-xy-—y =1

Let’s do the same without the "Building procedure" from Derive-for-DOS-times:

#E4 * 2
2 2 2
xB {x * 2-xy -y}
o5 : 2 2
LN{— =8 — vyB-{2-x8 — yB)) x
2 2
2 2 2
2 *B -{x + 2-%x-y -y}
#e6: LN{— xB — yB-{2Z-xB — yB}) — LN|-
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eM#68)
2 2 2 2 2
#He7?: ALN{— xB - yB-{Z2-x8 — yBI) — LN{— xB -{x + 2-x-y — y ¥x 3 = — 2 -LN{xB x)>
e
2 2 2 2
x {x@ + Z-x@-y@ — yB ) x
H68: =
2 2 2 2
xB -{x + 2-x-y—-y) %8
1188
1
2 2 2 2
69 : x f{xB + 2-x@-y@ — uyB ) x
2 2 2 2
xB {x +2-xy —y ) x@
2 2 2 2
B -{x + 2-m-y -y =8
#7a: =
2 2 2 2
x {x@ + Z2-x0-y@ — uyB ) x
#0266 #74: GEN_SOL_HOM Xy
2 2 2 2 y-x
xB {x +2xy-y? =@ 2
= LH(— x = y-{2-% - u))
2 2 2 2 . -
X (xB + 2-xB-yd — y@ > x LIS 2 =c
WH: 5
x8 We: - —— - ¢
2 2
x 2
9 g LM{— x — y-{2-x — y)) n-i
X + 2%y —y W - 5 = - .
#?2: =1
2 2 9
x@ + 2-x8-y8 - ya #78: (- LN(- x — y-(2-x - ¥)}2 = - n-1/2)-(-2)
Substitute for x0 = 1, w0 = 2, leading to ©
2
2 2 #?2: - x —y-{2-x—-yy=-1
#73: x +2-x-y -y =1
If you exactly know what to do, then it is easy in DERIVES, too:
. . 2 2
SUBST (1/&" (2*#64) / (x072/x~2), [x0,y0], [1,2]) which results in X +t2xy-—uy 1

y» +x
#g@: HOMOGEMEOUS_GEM|——
L' 4
2
N{— x — y-{2-x — y})
#81: - LN
X
y + X
#82: HOMOGENEOUS . M. w1, 2
v - X
2 2
x +2-xy -y
LN|-
#83: 2

[

‘ = LN{x) + ¢

= LH{x)

Transform to find a nice reprecentation of the salution|
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uox
y-8 - x 1 3
f#i84: HOMOGENEQUS |——MMM, . vy, —, - —
urx 2 2
x-8
-3 TS
f#i8s: g - & = LMN{2 -x)
-3 [T
#86: SOLUE(E -8 = LN{2-x}, y. Real}

3
H87: u = x-LM¢1 — & -LN{2-%)} - 3-x

Or do it stepwise:

usx
-8 - x
#88: HOMOGEMEOUS_GEN
[1Es 4
-8
yAax
H#ee: - @ = LN{x} + ¢
(TR i 3
#98: SOLUVE|SUBST |- & = LN{x} + c. [x. vl., |—» - —]|]|- ¢
2 2
#91: ¢ = LN{2) — &
0 -3
#92: SOLUE(- & = LN{x) + LN{2) — & . u)

3 3
#93: y = x-LHN{1 — & -LN{2-%)) — 3-%x — 2-nm-i-x vy = x-LH{1 — & -LM{2-x)) — 3-x + 2-n-1-x

3
vy = x-LN(1l — & -LN{2-x)}) — 3-x

As we didn’t ask for the real solutions only, we have to select the real one;

3
#94: y = x LH{1 — & -LN{Z-x}) — 3-x

3
#95: y == x-LN{1 — & -LN{2-x3}} — 3-x

Verification of the solution: a LY

The counter example:

o
y-g -1
HOMOGENEOUS _GEM|——— | = inapplicable
Ay/x
X-e

Example 10: Compare the integral curves of

)
y©-x 2Ry
LI and y':z—

> 5 intersecting in (2]-1)
Xy yo-x

Yy

Plot both curves together with their tangents in P
on the same axes.
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2 2
y -
2 2 #183: HOMOGENEOUS . X. M. 2. -1
y - x 2-%x-y
#99: GEN_SOL_HOM
Xy 2 2
4-{x + y ) x
2 2 #184:—LN7 = LN|—
x +y 2
#18@: — LN =c
x
2 2
#181: - (- LN{{x + y }/x} = ¢} #185: SOLUE[— LN[ l = LN[ ] I
é
2 2
x +u —c J2-Jx-J(5 — 2-x) J2-Jw (s — 2-x)
#Hez: —— = ¢ #186: v = - 5 vy = "
»

This turns out to be a family of circles with centers on the x-axis. The solution containing
point P is one of the semicircles from #106. The direction field for only one single point gives
the tangent of the integral in this point. (Plot #106 - #109 and see the circle, the point and the
tangent (-2 <1< 2).

2 2

- X

#1@7: FELD s ¥, M. 2, 2. 1. -1, -1, 1‘

2-%x-y

[EE]

#109: [2, -1]

s Hll.ogarithm == Expand

»-y
HOMOGEMEOQUS . % ows 2, -1
#ii1: 2
L' - X
2 2
LN{y-{y — 3-x }} LN¢11)
#112: - 3 + LN(x) + — - LN{2) = LH{x} - LH(2)

2 2
#13: (- LN(y-(y - 3-x ))»3 + LN(x) + LN(11)+3 — LN(2) = LN(x) - LN(2))-3
e

3 3
11 -x x
f#114: =
2 2 ]
8-y-{y - 3F-x)
3 3 2
11 -x x B-y-{y — 3-x)
#115: =
2 2 8 3
8-y-{y —3-x} x
2 2
f116: 11 = »v-{y — 3-x )

In 1991 we couldn’t do implicit plots. Now we can. In DNL#3 we solved equation #116 for y and
received three solutions (= three explicit branches of the integral cuve). This is the plot from DNL#1.
There is a third part which is outside of this plot window.
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Without any doubt | believed
Derive, but today | know a bit

// more:
. Check if both points (2|-1) and

(-2|1) really fulfill equation #1167

2-xy
FELD|—, %, vy, 2, 2. 1, -1, 1. 1

2 2

yo—- X

o [[55 5 )

The final plot shows both curves together with the
tangents. And we see that Derive 5 delivers another plot.
Solving #116 now for y and plotting the three branches
gives exact the same figure — and checking the points
works, too.

#117:

. . . . 2
Example 1l1: Find the curves which intersect the circles x + y = r at

angles of =w/4.

Plot some circles and a family of curves representing the
general solution of the underlying differential equation.

y—x

y+x

We start working with rectangular coordinates and switch later to polar coordinates.
Compare my "do it yourself' GEN SOL HOM with professional HOMEGENEOUS GEN:

This problem leads to the homogeneous DE ' =

v - x
#122: GEN_SOL_HOM|———
X

v 2 2
#123: - nrnu[—] — LN{J{x + vy 3y = ¢
»

y - x
#124: HOMOGENEOUS _GEN [—]
v+ x

2 2
[2] -l
#125: — ATAN|—| - LH|——— | = LN{x} + ¢
* X
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2 2
LM{x + y 3
#126: UECTOR — ATAHN — =¢, c, B, 1, 8.1

\\ ;;'2
52\\

These partially plotted spirals are not really satisfying me. We switch to polar coordinates

substituting for x = r cos(¢) and for y = r sin(¢).
#127: » € Real (@, w)}

2 2
»-SINCyp) LN((x»-COSCyp)y  + (»-SIN(p}) )
#128: — ATAN - =
r-COS{up) 2
| 1
#129: n-FLOOR|— + —| — LN{»} —p = ¢
n 2
| 1
#138: n-FLOOR|— + —| — LN{»} — ¢ = — LHN{c}
n 2
| 1
#131: SOLUE|m-FLOOR|— + —E— — LN{»} — p = — LN{c}. »
n

n-FLOOR{p m + 1,2} — o
#132: » = c-8

#134: — LN{»} - ¢ =

[y}

#135: — LN{») — p = — LHN{c)
#136:= SOLUE{- LM{r») — ¢ = — LN{c). »r)

.
#Hi1i37: r = cCc-8

0
#138: UECTOR{c-&8 . c. B.5. 5, B.5)
#139: VECTOR{c, c, B.5. 5, B.5)
#i4@: 2

#idi:z 2-8
#i42: [2. @]

[ x
#143: FELD|———

vy tx

o (|| )

#145: [2, t]

s X. Y. 2. 2. 1. 8. B, 1]
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1.1
[=a]

(&
i

A family of circles together with a family of integral curves. The tangents in
point (2|0) are plotted

Example 12: A point moves on a curve in x-y-plane in such a way that the
angle formed by the tangent of the curve and the x-axis is
three times the angle between the radius vector and the x-axis.
Find the Cartesian equation of the family of curves satisfying
this condition.

Plot a family of curves, and plot the special curve containing
point P(-3|-2).

Using y' = tan(at) = tan(3B) and tan(B) = y/x you find after some calculations — let Derive do this job —

2 3
: . C . . . xX“y—
,applying trigonometric identities the homogeneous differential equation y' = Eadb Amb A8

¥ =3x7
#185: TAN{3 B>
#1186 Trigonometry := Expand
4 -STNH{RY -COS{PY SIN{PRY
#187: 2 2
1 — 4-SIN{PY COS{PY - (4-SIH{PY — 1)
b L) b
4-SIN[HTHN[———]]-COS[HTHN[———]] SIN[HTHN[———]]
x * x
#188: *
[row )" froow () [e-somforan [ - 4
1 - 4-SIN|ATAN|— COS |ATAN|—]| | - |4-SIN|ATAN | — -1
* x x
2 2
v-{2-x -y}
#18%9:

2 2
Xx-{x — 3-y 3}




This is the original file from 1991:

2 3
® -y
#16:= GEN_SOL_HOM
2
¥ — 3-x-y
o2 2
X +uy
#7: - LN|————| ==¢
L Jx-dy
o2 2
X +uy
#18: — LM|—/——— | = - LN{c)}
L Jx-Jy )
2 2
¥ +ty
#9: — =¢
-

This 1s Bernoulli’s Leminscate!
J2 - - JESIMEZ -p) )

#26: »r = —
2
2o -WJ{SINCZ -p))
w27: »r =
2
2 2
(-3 + (-2}
1H28: =c
JE=3) -J{-2)
13-J6
#29: - —— ==¢
[
13-J3-J{SIN{2 -p)})}
#38: » =
[
2 3
X 'y -y
- HOMOGENEQUS . Xa
¥ — 3-x-y
2 2 2
S4-{x + vy )
LN
f2: 3
169 -x -y
- = LN
; |
eM#):
13-J6
2 2 1
13- 18-{x + y }-Jl 3 ‘
X -y

#4: [-3. -2]

v, -3, -2
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#2@: Je cannot do implicit plots?
#21:
2 2
(r-COSCp3)y + {r-SIN{u})}
#H22: =
J{r-COS () -J{r -SIN{u}}
r
#23: =
JECOS ()} - J(SIN{p})
2
r 2
#24: =
COS{yp} -SIN{p)
2
2-p 2
#25: —— ==¢
SINC2 -ip)

The following commands are the base for the plot.
It is important to switch between rectangular (#31,
#32) and polar coordinates (#33).

It is one of Derive’s unique features that one is able
to have both coordinates systems available in the
same plot.

For plotting the family of lemniscates set -/2 < ¢ <
/2.

2 3

I x 'y -y

#31: FELD|— . x,. y. -3, -3, 1, -2, -2, 1
3 2

x — 3 x-y

?-413 -t 46 -J13 -t
H32: -_— =3, - —— - 2
169 169

J2-c-J{SIN{2 -p})
2

#33: UECTOR

» c, 8.5, 5, 8.5]

This cannot be plotted in DERIVE 5, but
interestingly enough it can be plotted in
DERIVE 6. And here we find one part of the
lemniscate.
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Finally we plot a family of the complete lemniscates together with the tangent in P(-3|-2) and the ray
from 0 to P. We will show that the relation between the angles given in the task is true.

)

-
1]

2
n + ATAN|- ——
-3

2 3
I x y-uy

ATAN |SUBST |——————, [x. v1. [-3.
3 2

x - 3-xy
a— 3-p =
3IpP-—uw=4mn

Example 13: Show that the given differential equations are exact, give
their general solutions and if there is a point given find also
the respective special solution.

a) 2x2 - y2 + v - y'(2xy - x + 4y) = 0; P(1/-1.5)
b) 2x + e® 1n y + (eX y')/y =0

2
c) 2xy — y'(2x” + y) = 0; Q(-213)

DEs of form p(x,y) + g(x,y) y' = 0 may be exact. Exactness seldom is obvious, so
EXACT TEST (p,d,x,y) or EXACT IF 0(p,q,x,y) inearlier versions will test this attribute.

EXACT_TEST is not included in recent ODE1.MTH. The test has been included into the EXACT()-
functions for solving the DEs. For didactical reasons it might be useful to ask students to produce a
selfmade EXACT_TEST-function. In the following I give the original EXACT_TEST from 1991 and an
updated form for DERIVE 5 (and 6, of course).

d d
#246: EXACT_TEST(p. g. x. ¥y} 1= —p - — q
dy dx

EXACT_TEST_M{p. q, L T)
If DIF(p. v} — IF(q. x}
#247: “"exact"
"not exact'
"not exact'

2
ENACT _TEST(2Z-x —y + y, — {2-x-y — x + 4-y)) =

2 2
EXACT_TEST _N{2-x -y + y,. — {2-x-y — x + 4-y}} = exact

x
x 8
EHACT _TEST |2 -x + & -LM{y). ————l =8a
L

*
x &
EHHCT_IEST_H[2-X + & -LN{y), ] = exact
b

2
EXACT _TEST{2-x-y. — 2-x —y) = 8@

2
EXACT _TEST _M¢(2-x-y, — 2-x — ¥} = not exact
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Example 13 a

2 2
#H254: ESACT(2-x -y + y, — {2-x-y — x + 4-y))
3 2 3 2
2% by + 2-x@ + 3-x@-yA-{1 — yAd — 6-y@
#255: + x-y-{1l — y)y — 3 =8
2 2 3
#256: ERACT |2-x — v + y. — (2-x-y — x + 4-y}, x, v, 1, — _E_
3 2
2-x 24-y — 91
#25%7: +x-y{l —yp) - ——— =8
3 12
3 2
H258: B8-%x + 12-x-y-{1 — y) — 24-p + 91 =8
2 2
#259: EXACT_GEN(2-x -y + y,. — {2-%x-y — x + 4-y))
3
#268: + x-y-fl —yy —2-y =z¢
91
#261: - — =¢
12
leads to the same solution (#258)
Example 13 b
X
x -
#262: ERACT_GEN|2-x + & -LM{y}.
v
x 2
#263: & -LM{y) + x = ¢
X 2
#264: SOLUE{& -LH{y) + x = c. y}
- 2
#265: € {c - x3}
y =g
b
x e
#266: SOLVE |EXACT |2 -x + & -LM{y). P
u
—x =8 2 2
#267: A — x € (& -LN{uB) — x + xB )
y = IFl& £41w vyl >0, &

Example 13 ¢

This equation is obviously not exact (see above). We assume, that we know an integrating factor
w=1/y". Now we are able to use USE_INTEG_FCTR (W, p, q, %, v, x0, y0) . (This function is not
available in later Derive versions.)
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#268: USE_INTEG_FCIR{p, p. g, %, v. xB, v@) = EXACT{p-p, n-g. x, v, xB,. y@}

1 2
USE_INTEG_FCTR[—, 2%y, — 2-x - y‘
3

#269:
y
2 2 2 2
ya -x - y-{y-{xB + yB) — y@ }
#278: = A
2 2
va -y
1 2
USE_INTEG_FCTR|—. 2 -x-y. — 2-x — y. x, y, -2, 3
#271: 3
y
2
P - y-(7y -9
#272: =
2
2y
1 2
GEM_INT_FCT |—. 2-%x-y. — 2-x — y
#273: 3
Y
2
1
#274: + — =g
2 v
v . 17
g Solution: —+t—==
#2795: — = ¢ yoy 9
9

In times of Derive 5 and higher all the auxiliary functions (see later in example 14) are implemented in
on function to solve immediately differential equations, which are supposed to be soluble by applying
an integrating factor: | recommend to compare the recent ODE1.MTH file with the auxiliary procedures
which where necessary in 1991. | can imagine that it might be useful for students studying differential
equations to follow the old "recipes" (which can support understanding the solving process).

2
#277: INTEGRATING_FACTOR{2 -x-y, — 2-x — ¥, %, Y, -2, 3}

2
pavg: — >~ W Compare with #275
2
?-v

File ODE1_1991.dfw is the original ODE1.MTH from Derive 2.05 together with
ODE1_EXT.MTH from DNL#3.

Example 14: Try to find a solution of the DEs given below using the auxil
iary functions of ODE1l.MTH and ODEl EXT.MTH concerning the
application of integrating factors. Give the integrating fac

tors.
2
a) 2xy —y'@2x 4+ y) =0
2 2 4
b) (x + vy )(xdy — y dx) = (a + x) x dx

c) (x cos y — y sin y)dy + (x sin y + y cos y)dx = 0; P(l|n/2)

2 2
d) (2x°y" - yidx = (x - 2x°y")dy
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The DEs must be brought into the form p(x,y) + g(x,y) ' = 0.
DERIVE can be helpful to find an integrating factor L.

Freloaded is File QDE1T.MTH, copyright {c) 1950 by Soft Warehouse, Inc.
& QDE1_EXT from Derive Newsletter #3
2 3

#41: FREE_OF_INDEPENDENT _TEST(Z-x-y., — 2-x — y} = - —
L

simplifies to an expression free of x. Hence we get the solution by means of the next function:

2
#42: FREE_OF_INDEPENDENT(2 x-y, — 2-x — y}
2 2 2 2
vd -x - y-(y{xB + yB) — yb@ }
#43: -a
2 2
ya -y
3 1
INT_FCT |- —, y| = —
H44: u 3
y
Follow example 13c from above
Example 14 b
2 2 ' 4
(X" +y)(xy' —y)=(a+x)x
The given equation must be rewritten as —X’y—y —ax' =X +(x’+xy")y' =0
y+y +axt +x° +(=x—xy*)y' =0
5 4 2 3 3 2
#45: FREE_OF_INDEPENDENT _TEST{x + a-x +*+ x -y + y ., — x — x'y )}
2 2
4-{x + 1y}
#46:= -
5 4 2 3

X +ax +x -y+uy

which is not free of independent x, but

5 4 2 3 3 2
#47: FREE_OF_DEPENDENT _TEST({x + a-x + X -y + u , — x — %-y }
4
#H48: - ——
b3

which is free of dependenty. This leads to

5 4 2 3 3 2
#42: FREE_OF_DEPENDENI{x + a-x + x -y + y . — x — X'y }
2 3 5 2 3
u 3B —6-x@ -yA - 2-y@
#50: +axy - — - —— — a-x@ - =
2 » 3 3
3I-x 6 -x8
4 1 . .
INT_FCT |- —. x| = . inteerating factor!!
H Y
¥
1 L 4 2 3 3 2
GEMH_INT_FCT|——, x +ax +x y+y, —x — x-y
#152: 4
x
2 3
v v
#53: +a-x — — — =
X 3

28
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Now in DERIVES:

5 4 2 3 3 2
#279: INTEGRATING_FACTOR{x + a-x + x -y + y . — x — x-y }
2 3 5 2 3
y v I-xB —6-xB -yl — 2-y@
#284: +ax - — - —— — a-x@ - =
x 3 3
3-x 6 -xB8

Example 14 ¢

After rewriting we proceed:

#54: FREE_OF_DEPENDEWNT _TEST (x-SIN{y} + »-COS{yu},. x-COS{y} — y-SIN{y}}
#55: 1

#56: FREE_OF_DEPENDENT [x-SIN(y) + y-COS{y), x-COS{y) — y-SIN{y). x, y, 1, —

X
H57: & -(y-COS{y)y + {x — 1}-SIN{y}} = 8
ps
#58: INT_FCI{1. x) = &
b
#59: GEN_INT_FCT{& , x-SIN{y} + v-COS{yd>. x-COS{y) — y-SIN{y}}

#60: Ex-{y-COS{y} + {x — 1)-8IN{y}) = ¢
#61: THEEE

substitute for x and v

Please check the result with the respective DERIVES function!

Example 14 d

2 2
3 2 2 3 d-x-{y — x 3}
#62: FREE_OF_INDEPENDENT _TEST(Z-x -y — v, 2-x -y — x} = 3
2-x -y — 1
2 2
3 2 2 3 4-y-{x -y}
#63: FREE_OF_DEPEMDENT_TEST(2-%x -y — u». 2-x -y — x) =
3
2-x-y —1

neither free of x nor of y; we test other possibilities for the integrating factor:

We proceed in DNL#3 (1991) — style:

3 2 2 3 2 2 2 2
#64: EXACT _TEST{x-v-{2-x -y — w}, x-»-{2-x -y —x}} =b6b-x -y -{x -y}

® Yy is no integrating factor

29
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3 2 2 3 4 3 2
#65: EHACT_TEST{{x + u)}-{2-x -y — uy),. {x + y3-{2-%x -y — %}y =4-x g + b-x -y -—

2 3 4
b-x 'y +x-{1 -4y} -y
no luck with (< + )
2 2 3 2 2 2 2 3 2 2 2 2
#66:  EXACT _TESTEx -v -{2-x -y — u)y,. x y {2-x vy — 2}y =6-x -y {x -y
no success with "2 w2

#e'?: 2

1 3 2 1 2 3

EXACT_TEST|——— ¢2-x -y —uy), ——(2-x -y —x3| =@

2 2 2
x "y x "y

This was the right guess! Let’s finish the solution

1 3 2 2 3
GEM_INT_FCT|————. 2-x -y —y, 2-x -y — x
168 : l 2 2 ‘
x -y
3 3
*x -y + x-y + 1
#69: =c
x-y
with MONOMIAL TEST (p, q, X, y) DERIVE can find an integrating factor of the form x™)"
if there exists one.

This is the way we do it now:

3 2 2 3
#281: INTEGRATING_FACTOR_GEN(2-x -y — vy, 2% -y — x}

#282: dinapplicahble

3 2 2 3 1
MOMOMIAL_TEST{2 -»x v - y. 2-%x -y — x} = ———
#283: 2 2
X -9
1 3 2 1 2 3
INTEGRATING_FACTOR_GEN|——-{(2-%x -y — y}. —(2-x -y — x}
H#H284: 2 2 2 2
X ¥ X 9
3 3
¥ -y +x-y + 1
#285: =
X-y

Example 15: (x - 2y + 5)dx + (2x — y + 4)dy = 0

a) Find the general solution using both (x0|y0) and constant c.
b) Find the special solution with x =1, y = 1.
c) Sketch the integral curve and the direction field.

LIN FRAC(r, a, b, d, p, a9, k, %, y, x0, y0) simplifies to an implicit
solution of a linear fractional equation )'=r-((a-x+b-y+d)/(p-x+q:y+k)). However if g-a—pb
=0, instead use FUN_LIN CCF described above. (Online — Help).

We will tackle this problem in the DERIVE5/6 mode only and add the 1991 plot for c)

-x + 2-y — 5§
#286: LIN.FRAC|—mF——, -1, 2, -5, 2, -1, 4

2w -y + 4

x +1 | x —y + 3 x8 — yB + 3
Y - LN - = LHN{x + 1) — LH{x@

(x +y - 1) (xB + y@ — 1)

LN
H287:

+ 1)




- + 2-y — 5§

#288: LIN_FRAGC GEN|——— .

2-x -y + 4

2
(x + 1) -{x -y + 3)
LH|-

H289: 3

(x + y—1)
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2

x —y + 3
3

(x +y — 1)

| + 1]-4]-
H29a:

- + 2-y — §
#291: LIN_FRAC|—M8m™.
2w -y + 4

2
(x + 1) -{x -y + 3)

-1. 2.

#292: 3
12-(x + y — 1)

LH{x + 1) + ¢

~

e -{x + 1)

-5, 2, 1. 4, x. vy, 1. 1]

2
-y + 3

3

J3-]x + 1|-J[
{x +y— 1)

#293:

SBIGH((x + vy — 13-{x — y + 33}

This is the graph of #293. Building e(2*#292)
leads to expression #294 which can be plotted
tfogether with the direction field. As you can
see a discontinuity seems to appear at (-1|2).

(Let students deduce this point from the task!)

In 1991 we received the same solution —

fortunately — but we couldn’t do the implicit
plot. So | solved #294 for y and plotted the

» — y + 3

#294: 3
3-{x + y— 13

#295: DIRECTION_FIELD

w + 2-y —§

2-x -y + 4

solutions together with the results of my
FELD-function.

-3, 3. 24, y. -2, 3. 28

- Xa.

The right graph is "Derive for DOS made”".
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Example 16: Clairaut equation

y = X

Find the

plot the graph.

Give the

general solution,

special solution(s)

2
y' +y' =y

obtain the singular solution,

containing P(2]1).

We bring the equation into the form p(x v — y) = ¢(v) and then use CLAIRAUT (p, q, X, ¥, V,Cl)

taking v as a variable instead of ).

2
#H296:- y = x-v + v — vy
2 .
H297: xu —y = v - u In order to find the smgnljlar
5 solution we solve the 2
#298: CLAIRAUT(x'v — y, v — u) component of #299 for v and then
9 substitute for v in the given
#299: [G'X “y¥-c +tc =B x-2w+1-= E'] differential equation (#296).
x +1
#38A: SOLVE(x — 2-v + 1 = B, v} = [u = 2 ]
[ 2 x + 1 ]
#3011 SUBST |y = x-v + v —w [ wu,
2
(x + 1}2 This Parabola is the singular
n3e2: y = p” solution.
2
303z SOLE(ex =y —e rc =8 9 The 1% component of #299
HBd: y = e (x - ¢ *+ 1} gives the general solution.
#3@5: UECTOR{y = c-{x — ¢ + 1), ¢, —-3. 3, B.5)
#306: [2, 1]
#3@7: SOLUTIONS{SUBST(y = c-{x — ¢ + 1}, [x. v1. [2. 11). &)
J5 3 3 J5
#388: [ - _ Y — - —
2 2 2 2
J5 3 3 J5
#389: UECTOR[y =c-{x —c + 1), c. [ ¥ — ) — - ————]]
2 2 2
(V5 + 3)-{2-x — J5 — 1) {3 - V5)-(2-x + 45 — 1)
#310: [y - Ly = ]
4 4
+ The special solution(s) are the two
tangents from point P to the
singular solution.
singular|solution
,ff’/v special solutions
,-H"’f_.
e /
/
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Example 17:
having constant length a = 2.

Give both general and singular solutions.

Find a curve with its tangent’s intercept between the axes

!

2y

Joer)

The problem leads to the differential equation y=x '+

, which is of Clairaut-form.

2-v
cl = xwvw —y =
#311: 2
J{1 + v )
2-v
CLAIRAUT |x-v — vy, ———
#312: 2
{1 + v )
2 2
c-x-J{e + 1) —y-i{e + 1) - 2-c 2
#313: =f8, x - ——— a
2 2 32
J{c + 1) {v + 1)
2
SOLUTIONS | — ————— =@, v
#314: 2 32
{v +1)
273 2-3 7 273 2-3 7
2 - x 2 - x
#315: |J|———|. - 4
273 273
X ) X )
273 273 273 273
2 - % 2 - %
#316: UECTOR|cl, w, |J|—————|. — J
2.3 2.3
x x
273 273 273 273 273 273
2 - % 2,3 1.3 2 - % - %
HILY?: |x-J|——————| —y = 2 3 |, - =
2.3 2.3 2.3
x x
273 273
2,3 1.3 2 - x
2 3 -
2.3
x
2 273 2-3 3
#318: v = (2 - x h)

DERIVE2 was unable to solve #5 for v (see below), so | tried to find another way:

fi5:

2
x-{w + 1)

32
-2

2

3.2

{u

+ 1)

Substitute for v in the second companent and in the equation: v = tanip).
Salve for x and v to obtain a parameter representation of the singular solution.

2

W6: x — 2-COS{p} -|COS{p)| =8
2

#7:  x = 2-COS{p) -|COS{uw)|

2 2 -TAN(p)
2-C08{p} -[COS{p}| -TAN{p) - v =

2

J{1 + TAN(y} )}
3

#9: y = — 2-SIN{yp) -SIGN{COS{y))

2 3
#ia: [2-COS(¢) -|COSEw) . — 2-SIN{u) -SIGN(COS(m})]
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#318 (DERIVES) and #10 (DERIVE2) give an astroid and the
general solution is a family of lines (tangents of the astroid).

2 2
c-x-Jfec + 1y — y-Je + 1) - 2-c

#319: SOLUE -8, y
2 i
Jd{c  + 13} \\\ I%\;ﬁ‘*
2 [y 1
c-(x-d(e. + 1) - 2) \H*i-.
H320: y - i:::::}f“.;#,
Jc o+ 1) Y
PS8
2 /J":!!“*

#321: VECTOR|y = c OV 72 - c. 4. 4. 8.5 Jf’
J(cz + 13 ;f’ffx-.ﬁ

i

2 [

Example 18: The following equations of form y = x p(y') + g(y') are called
LAGRANGE differential equations.
Use LAGR(p,d,%x,y,Vv,c) to solve the following equations:

A}

a) y=x (1 +y") +vy

A}

, 2 2
c) (xy' +y) =y vy

LAGR (p, g, %, v, v, c) with v instead of y' simplifies to a vector of four components with the last two
of them giving the parameter form of the general solution. If one is able to solve the 2" component for
c1 one will obtain the singular solution by substituting for c1 in the 1% component. LAGR () is not part
of ODE1.MTH but of ODE1_EXT.MTH. Look at the examples:

Example 18a

2 1] 2
#323: [y =x{cl +13 +cl ., cl +1 =¢cl, x =c-& - 2fv - 13, y=c-8 fuw +1} -y +

2]

Mo singular solution because of <1 + 1 = =1.

Integral curves + direction field:

[ u u 2 ]
#324: |c-8 - 2¢uv - 1), c&8 {uv+1)-wu +2

—u u 2
#1325 UECTOH{[G-E -2 fv -1}, c&8 fu+l1l)-w + 2]. c, 5. 5. B8.5)

2
2 J{x — 4-x + 4-y) — x
#326:= SOLUE{y = x-{1 + v) + v ., v} = |u = wvouo= —

2

2
J{x — 4-x + 4-y)y + x l
2

2
Jix — 4 + 4-y) — x

2

#327: DIRECTION_FIELD[ . %, —5,. 5. 18, y. -4, 4. 8]

2
Jix — d-x + 4-y) + x

2

#328: DIRECTION_FIELD[ . %, —5,. 5. 18, y. -4, 4. 8]
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Example 18b

3
#329: LAGR{1. v - 3-v)

2
3 Jv-{u + 23 v -{2-u + 3>
#338: |y =x + el —3-el, 1 =¢cl, x =¢c + ——————————— y=¢c +
2 2
3 . .
#331: SUBST(y = x + ¢l - 3-cl, cl, 1) = {y = x — 2) singular solution!!
2
Iv-{v + 23 v -{2-v + 3}
#332: UECTOR||c + ———— . ¢ + - Cc, 3. 3. 8.5
2 2
Example 18c
2 2 v-Xx v-x
#333: SOLVE({x-v + ¥} =y v, y} = |g = — v y = — —]
Ju — 1 Ju + 1
Let's take the first solution:
L1
#334: LI’IGH[—, B]
Jo — 1
[ cl-x cl c-{Ju — 1) ]
#335: |y = . =¢cl, x = ———, y = ¢c-Ju
Jel — 1 Jel — 1 Ju
Y
- [— - 1]
[+
#336: x = —————————
2
[+
y
¢ [— - 1]
[
#337: SOLVE|x = ——— . ¥
2
[H
2
C
Example 18c #338: v =
C — X
After eliminating parameter v we find a family 5
of hyperbolas as general solution. l c ‘
#339: VECTOR|y = ———,. c¢. -3, 3. B.5
cC — X
We have two singular solutions (lines). cl
#348: SOLUTIONSE |— = ¢l, cl1| = [B,. 4]
Jel — 1
The result of the LAGRANGE DE derived cl-x
_ _ #341: VECTOR|y = —————, c1. [B. 4]
from the second solution for y in #333 can be Jei - 1
found on the next page. #342: [y = B, vy = 4-x]
L1
#343: LI’IGH[—, B]
Ju + 1
- 2s4u
cl-x cl c-8 {du + 1) — 2/4v
#344: |y = . =cl, x = sy =c-Ju-g
Jel + 1 Jel + 1 Ju
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R
Example 18a 4
AA
Yo see a part of the direction field 4 ke
and a family of integral curves I
65 “4.-3 1 2 3 4 6
-1 ¥
-2
4 -3
+ + =

Example 18 b (left)

Example 18 ¢ (below)
the hyperbolas and the other family
of solution curves.
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Differentialgleichungen mit dem TI-89/T1-92+/Voyage 200
Differential Equations with TI-89/T1-92+ and V200

A Workshop

Hier soll nicht die Theorie der DGL und ihre Losungsmechanismen besprochen, sondern an einigen
ausgewihlten Aufgaben die Vorgangsweise auf den TI-CAS-Rechnern beschrieben werden. Der
TI-89/TI-92PLUS und der Voyage 200 verfiigen iiber ein gehoriges Potential an graphischen und
analytischen Werkzeugen zur Behandlung der Differentialgleichungen.

We will not deal with theory of DEs, but show the solving procedure using the TI-CAS calculators.

Beispiel 1/Example 1

y'=y(x+1)

a) Zeichne das Richtungsfeld. Plot the direction field.

b) Zeichne spezielle Losungen der DGL fiir y(0) = 3, y(0) =-3 und y(-1) = 4

c) Bestimme die allgemeine Losung und die oben angefiihrten speziellen Losungen mit

Hilfe des Rechners indem du die hindische Vorgangsweise nachvollziehst.
Find the general solution reproducing the manual solving procedure.

d) Bestimme diese Losung mit allen vom CAS zur Verfiigung gestellten Hilfsmitteln.
Die Losung aus b) konnte mit der entsprechenden nun gefundenen Losung iiberlagert

werden.
Use all means of CAS to find the solutions.

a) Der Rechner wird im MODE auf Graph DIFF EQUATIONS eingestellt. Die
Differentialgleichung wird in den [Y=]-Editor geschrieben. Aber Achtung: die Rolle des x
wird vom Parameter ¢ iibernommen! (x must be replaced by t!)

1 Fz 1 Fe Fz Fu FE: F& ? FB
t ] vE Zoch ] - E ZocTn Trace|Rearaph Mat‘,'h Dr;u - f Ic
to=0 thans A = TT7
=0. Max=3. I R ekt ol
ol - fstep=. 05
‘}3%131 (1) LE;EE:EI. MR AN NN S S S
uzl= Hmin=-4 P e e e e e e e — — Lo o o S
giz= HMEH=Z
uil= #scl=1
uiz= 32;2:169 I S L
3?4; gJzcl=1. et
a5'= poLrves=0. [ R L
L Eztep~l.
wil= £ldree=50 {1 N LU
FELECT OME 12T-ORDEF FUNCTION ONLT HHIN FAD_ALTD BE AN FAD_AOTO IE

Wenn Du in den [WINDOW]-Werten fiir ncurves etwa den Wert 6 einsetzt, dann werden
gleichmédfig tiber den y-Bereich 6 Losungskurven eingezeichnet. Uber F3 Trace konnen die
Kurven abgetastet werden.

- i [Puon|Tr see[Redr-sph|MEth|Draw| = & [TC - i [Poan|Tr sce[Redr-sph|MEth|Dr e« & [TC
TR A T 1 TR e 17
IR TR, S =l A A LI A al A
N T T e R il P A RN NN w e — EA A
M e e e e — — T M T e e e e —— g e
Ao _—— gt L L N ¥ P S — et e e
fff//:///z—hék\ LAY P E S //f__hx\\\\i
Lol -l shih o 4 A o N Y P R g R T TR T
eI s s aryaie Ny I, e R
FaIN EAD AUTO BE FELECT OME 13T-ORDER FUNCTION OMLY FaIN EAD AUTO BE

b) Um die beiden Losungskurven zu den gegebenen Anfangsbedingungen zu sehen, gibt

man die beiden Funktionswerte zu x = ¢ = 0 in einer Liste zu yi1 an. Fiir die dritte gesuchte
Losungskurve muss der Wert fiir t0 auf —1 und yi1 auf 4 gesetzt werden.



d)
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- e [Poon|Tr sce[Rear-aph MathDraw] e @ |1 | [+ f|zaon T+ sce Regr sph|HEth|DF |« & |TE
LT a0 o /; R e T 77
ottt e 1) R R ey R IR R e RN
gil=a RN NN N P T N S
g2é=. TR TR e et e — — e e s S e e e e e e — — e e
dle= &
5?;: e T e TR T
2 et T T 3 I P e A L
Hqo= bei-1p@oe ~ - by T Eeieial Condltlons—’“‘“‘*—‘“ S
u2' (= @cE -1, 00ag, - uc 4, DEEE oy | k=2 e yl=-g L
HMAlN Rl AUTOD OE UZE 314 OF TYFE + [ESCI=CAMCEL HMAlN mm RUTOD OE

Es gibt noch eine weitere —

interaktive — Moglichkeit, Losungskurven durch bestimmte

Punkte zu legen. Uber F8 IC konnen Anfangsbedingungen (Initial Conditions) direkt
eingegeben werden. So wollen wir zB die Kurve durch P(-2|-2) legen.

R Fhan [T bce [RearaphHath|or = £ 16 | [+ f=|zaon|Tr sce|RedraphMath ora = ¢ |16
"I e e / T oL T e 99/ 7
PR NN e s S S S S VN N e e B
RN N W P A A | RN AN N P
e R e L e e e T S S e e e e e — — e e e
&+
&+
S T e e — e e e e e e || e — — T T
R e S I N | L sttt i SN RS
thitial Gorditions=r b~ N NN T[] S F 7 s R A Y N
t=-2 5o ul= A | P e (AR
HAIW FRD AUTOD OE Ml EAD AUTO DE

Als Losungsmethode kommt hier die Methode der Trennung der Variablen in Frage.
We apply Separation of Variables.

sz(x-l—l)—)d—y:(x-i-l)dx
X y

I’h ]’ FEv Trz-T Fd T FE G |f1 T Fer Trsv‘l’ Fie T FE FE™ I’h ]’ FEv Trz-T Fd T FE G
|vgﬂlgebr‘a Calc|0ther PPngDTClean Upﬁ *E AlgebralCalc|0ther F‘r‘ngElTClean Upﬁ vEngebr‘a Calc|0ther PPngDTClean Upﬁ
. 2 my=e [#=8 and y={-3 33 wesolvel€-3 33=25,c)
IJ[E]dg = s+ 1)dx 1n(14l) =S tnte {3 Zr=ef| c=LlniE (2 B2 om+ml i ln(3) + 2-Bncp
z %2 %2

_ = = +x —+x+c ]

lsolue[ln(g)—7+x+c,g] -3 2 +ulx) Done| (mu=e 2 |c=Lln(F+(2-Bn2 n+n)-
2 2 2
g = "3 * 200 Dok y=1L-3-¢ Ie

*‘olue(ln(y) x"‘2/2+x+c Yy 3*6"(x“2/2+x)->92(x) —e“(x"2/2+x+c)lans(1)
SIFUCATE FUNE 2oo0 SIFLATE FINC_E/50 SIFILATE FAD_ALTH

Alle drei speziellen Losungen werden gefunden und {iber den Funktioneneditor
gezeichnet. Beachte den Einsatz der cSolve-Funktion (wenn man nicht direkt fiir ¢°

substituiert).
We find all special solutions and plot them. Notice application of cSolve if not substituting directly
for e°.
= 0|ALgebralcate|other Prantolclean Us
z
i
my=g 2 +><+c,|x= -1 and u=4
4=e5"172
Isolve[4=ec'_1/2,c] c=2-1nl21+ 1.2
>c2 PRV XT+X+1/2
c=2 In(Z+ 1 “yi=d &
ans(1)+y3(x)]_ ul (xd="F*e™ (™2 240
SIMULATL RAD _AUTO FUNWC 10/30 SIMULATI EAD AUTO FUHC SIMULATL RAD _AUTO FUNC

Mit der implementierten deSolve-Funktion ldsst sich die DGL direkt 16sen. Auch hier
fiihrt cSolve zum gewlinschten Ergebnis. Die @- Zeichen stehen fiir freie Parameter.
The @- characters are free parameters.

[Fx ]’ Fov Trz-T ru-T FE T [ T]
- E AlgebralCalc|0ther|Prgml0|Clean Up

[fr'm‘[ Fiv T rsvT Foe T FE T 5 T ]
- f==|Algebra|Calc|0ther [PramI0|Clean Up
T

T Fev Faw | Fuw FE G
= §—|Algebra|Calc|Other[Prami0|Clean Up
T T TTOTT ST gL =T =T IETLE LT EAR

mdeSoluely! = (x+ 10, x,4)

wZ

= deSolvely' =g (x+1) and w(@1= -3, x,4)

x_2+>< -solue[g=@1-92 +x|x=9 and w={-3 ><_2+><
d=Bl-e z false y= -3¢ E
><_2+X ] x_2 N N mdeSolvely' =y (x+1) and 9il)=3,x,4]
lsolveg=El-92 |x='1 and =4, 081 lcSolueg=El-92 |x=l3 and y={-3 ><_2+x
Bl=4-[e Bl={-3 33 y=3¢ 2
sull.lle(ans(i)lx— 1 and v=4.01> “2/2+x)|x El and v=<"3,3%.013| 9*(x+1) and C0>=3 %, w)|

SIMULAT FUWC 12/20

SIMLILI]TI FUHC 15#30

FLINC 14730

Auch die Randbedingungen (oder andere gegebene Punkte der Losungskurve) konnen
sofort mit angegeben werden. We can include points of the integral curve into the deSolve-

function.
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Beispiel 2/Example 2

y’ = 2_y1n(3_yj
X X

a) Bestimme die Losung mit Hilfe des Rechners, ohne vorerst desolve() einzusetzen.

Tipp: Substituiere z = 2 Solve without using deSolve() — substitution!!.
X

b) Wie lautet die spezielle Losung fiir y(1) = /e ? Special solution for y(1) = Ve

c) Zeichne das Richtungsfeld und lege die gefundene Losungskurve driiber. Direction field.
d) Bestimme diese Losung mit allen vom CAS zur Verfiigung gestellten Hilfsmitteln.
e) Fixiere die Losungen von a), b) und d) in einem Script (Textfile). Produce a script.
a) Z=X—>y=z-x—>y'=z'-x+z
X
dz dx

Daher wird aus der DGL: z'-x+z=2z-In(3z) > %-x =2z-In(3z)-z >
X

2z-In(3z)—z x

Die Trennung der Variablen ist gegliickt. Es fragt sich nur, ob die Integrale geschlossen
ausgewertet werden konnen? Separation was possible, is integration possible, too?

I’h T Fov Trz-T r--T TE [ |f T T ‘I’ T B TE
vEngebr‘a Calc|0ther PPngDTClean Upﬁ ngebr‘a Calc DLhE‘I"‘ F‘r‘ngElTClean Upﬁ vEs’-‘:_: P gl |iF -E‘PI"‘QNIDT ﬁ
a i — = * 7 7
=gz Tl ORI+ 20 i z In(lsd] + f2e .2
1 L 1n[2-1n[ ]— 1] . 7tz
.J‘[2-z-1r'|(3-zll—z]dz_J‘[x]d>< lsolue[7x=ln[lxlj+c,g ny=XF |==1 and y=els3
1n(2-1ni3 =) — 1) z 3
— === 1n(lx) + ¢ 92'2-x2+1,2
1nc2 - 1me3-zh— 1 .
o lntzelntsz- 1) n(2 £ j=1n[|x|]+c|z=% y=22 T
= 3%2)—13/2=1nCabsCxdd+clz=urx ||
HAIN FAE_AUTD FURC 8750 AT TAD AIITH TURE 6750 LI FAE_AITH FINE 578

Das Integral ldsst sich auswerten. Welche Integratlonsregel(n) fiihren zum Ziel? "

Which integration rules are leading us to success? 29 12

= 0|ALgebralcate|other Prantolclean Us < A1 sebralcalc|other Frantofclean Ue = e zoon|Trace Rearaph Math|orm = ¢ [
2c = + 1~ 1n] B TAL J_IJ
f—+102 wy = EE |e= 3
S O SR I Z
soivelE 3 = o IRCE = 108) 2 4 102
) “{61n§)—1] u= .
== z o 10 - 108 %2+ 102
92'°-x2+1 re1nem-11] = + glix) Diare
#Ci 1. 038 ycil.3356
HAIW FRD AUTO FUNC B30 AN EKAD AUTO FUMEC_BAZ0 HAIW FRD AUTO FUMLC
b) Es gibt eine allgemeine und die gesuchte spezielle
Losung. Der Graph der Losungskurve wird als Bild F1 — CE,H —
2:Save Copy As unter dem Namen beisp2 abgespeichert —um Tupe:  Picture:
. . - . Variable: [beispZ® | —
thn spiter iiber das. Rlchmggsfeld zu lggen_. We save the
graph for later combining it with the direction field.
c) Uber MODE wird in den DIFF EQUATIONS Modus HAl S —

gewechselt. Die [WINDOW]-Werte sollen mit denen von vorhin identisch sein.
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SELECT OME 15T-ORDER FUNCTION OWLY AN EKAD AUTO DE HAIW DE

Uber F1 1:0pen wird beisp2 iiber das Richtungsfeld gelegt — und alles passt.
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Wenn es "nur" um die Losung geht, versucht man gleich desolve().

1 Fer Faw | Faw FE FE™
b E AlaebraCalc|0ther|PramI0Clean Up

T Fev 5 FE [5d
b E AlasbralCalc|0ther |PramI0Clean Up

1 Fer Faw | Faw FE FE™
b E AlaebraCalc|0ther|PramI0Clean Up
p

o= and x =0 L 5 T
L InE - 18k E 12 3 &l z
3 +ylix) Date L20BL 2 S2EL 2
= + 1.2 + 12 1 E-1lni3) -1
ldeSolue[ '=£-1n[3'g] ® ] ny=2F snd xz@|x=1 a e . ik E
y " »u y 3 z ] < |@1= 5
1n[2 1n[3 "'] 1] ln[%] . Gl LT - 1461 %2 + 102
Z =1nixa+ Bl ®1 e e— 3
solvef{ans{i), u> ans€i1>1x=1 and wy=e*¢1-/3)] b e C2%EL 2 ¥~ 2 2412073 lans (1)
HAIN FRD AUTO [13 EREDD AN EKAD AUTO DE  11/30 HAIN FRD AUTO DE  diz/30

1 Fer Faw | Faw FE FE™
b E AlaebraCalc|0ther|PramI0Clean Up
T p

Der komplette Prozess wird in einer Textdatei gespeichert (F1 2:Save Copy As).

Fi T rzvj’ r3v“|' & T FE T
b E Command |View|ExecuteFind. ]

i {— Command U1ew Exe-:.ut,e Flnd ]

Main+
Variable:
Enter=SHLE ESC=CHMCEL

Pl=

{ SAVE COFY AT y
_1]

+ 12

4

3
b (2 XAL D ¥ 2 241,20 /3 lans (1)

MAIN RAD_AUTO DE __iz2/3n0

{ IFEN )

Tupe: Text
Foldet:
Variable:

alz
is
mcdonald
spital
wavel
wavetat

Hizix

ICI/(Z*Z*ln(S*zh Za,zi=lil w0
Ini2lnCIeza—12-2=1n (abs(x))+c1z—g/x
solue(ln(2*1n(3*g/x) 12 2=lncabs(xi+c

2

gfffﬁ%ga“(2*a>*x*2/2+1/2)/3Ix=1 and y=

&

soluele™ 1l Zh=e™ (e 2k ) 241203, 20
e atpeeth EnF el iy PO PRGN A VLT 2 Ty
Tr-1as302

kg (LIR30 = 1,8 e 241220 Tl (3

toeSolue g =24k TR Tk g e, 0

[ Lo B o B I o I Ly Ly |

HMAIN EAD AUTO DE

MAIN RAD_AUTO DE

Im Texteditor wird diese Datei wieder gedffnet. Jede mit C: eingeleitete Zeile ist ein
ausfiihrbares Kommando, das mit F4 "exekutiert" werden kann. Es empfiehlt sich, den

Schirm laut Muster zu teilen.

We open the file in the text editor. Each line showing a C: can be "executed" in the Home Screen
by pressing F4. | recommend to split the screen according to the pictures.

HODE u

(FT T rzvj’ r3v“|' & T FE T
b E Command [View|ExecuteFind.

(FT ‘l' rzvj’ rsv‘T i ‘l' FE *|’
x E Command|View Execute[Find..

[ 1 :[ FE :[ FE ]
Fage 1|Fage Z[Page 3
~ Split Screen TOP-BOTTOM+
Split 1 F| Home +
Text Editor#

Sp11t. 2 A
Humbet o
Sp11"+, 's'ér?ée‘ﬁ'liéiié z
Exact-Approx AUTO+

DEC+

+ Baze
Enter=SAUE ESC=CHMCEL

'%(Z(X)'X) %(z(x))-x+z(xj

'J[m]dﬂj[ﬂdx

ln(z: 1n(3-zj -1 _ ln(lxlj +e

'%(Z(X)'X) %(z(x))-x+z(xj

'J[m]dﬂj[ﬁ]dx

In{Z-1n(3 -z - 13
—s——==

Inlx=1] + <

E3]
z*ln(S*z) rA PN
e T AR b ey N 2 e

0%
=
= e
Fah
[
£
[urte
IEE

d(z(x)*x x)
ach Trent der Variablen
b J‘(l/(?*z*ln( HZI=Z 3, ZI=L (1w, 00

USE £ AND 3 TO OFEM CHOICES

RAD RI.ITD DE

AIN RRD IILITI'I DE

Diese Frage stellen wir DERIVE 6. Der
eingebaute "schrittweise Simplifier" verrét uns
die angewendeten — elementaren —
Rechenregeln. So konnen wir von einem CAS
nicht nur die Ergebnisse rascher erhalten,
sondern gewinnen auch Kenntnisse in den
Regeln — oder wir werden wieder an sie

erinnert.

DERIVE 6 gives the answer. Stepwise simplification
shows us the secrets how to find the closed form

of the integral.

So the CAS does not only help us finding the
results very quick, but also helps us to gain new
knowledge or reminds us on possibly forgotten

knowledge.

If =0,

1

2.z-1N(3.2) - =z

LNCxaz3 2 LNCx) + LNCz)

1
#2: dz
z-(2-(LN(3) + LN(z)) - 1)
FOLNCa«x))
J‘i dx = SUBST(] Fix) dx, %, LWCa.x))
®
[ 1
#3 SUBST] dz, z, LN(z)
2.z + 2-LN(3) - 1
J’ 1 LN(a + bex)
dx =+
a + bex b
LH(2-LN(3) + 2.z - 1)
#4:  SUBST| .z, Li(z)
2
SUBSTCF(x), x, a) + F(a)

LM(2-LH(3) + 2-LN(z) - 1)

2

LN(2-LN(3-2) — 1)




Beispiel 3/Example 3

Differentialgleichungen mit CAS 41

(3x y+8xy— y+2)dx+(x +axt —x+= )dy 0

a)

f)

g

b)

Zeige, dass hier eine "exakte DGL" vorliegt, d.h., dass die Integrabilitdtsbedingung

erfullt ist.

P(x,y)dx+Q(x,y)dy =0 ist exakt, wenn gilt: 8_P

o9

Ox

oy

. Show that the DE is exact.

Lose die DGL auf traditionelle Weise. Erst allgemein, dann fiir y(0) = 2.
Solve in the traditional way, general and special for y(0)=2.
Erzeuge flir die Losung dieses Typs von DGL ein Programm.
Produce a program for solving DEs of this kind.
Erfinde eine eigene exakte Differentialgleichung (die Winkelfunktionen enthilt).
Find an own exact DE containing trig-functions.
Suche die Losungen von a) und b) auf direktem Weg mit dem CAS.
Find the solutions for a) and b) directly using CAS.
Lose auch deine Aufgabe mit deSolve und mit dem Programm.
Solve your problem (d) with deSolve and with the program.
Zeichne das Richtungsfeld mit der speziellen Losung aus b).
Plot the direction field including the special solutions from b).

T G Fir | Faw FE 5d
'E AlacbralCalc|0ther|Praml0Clean Up

sz g xy-ytz)s

A3, 4.2
20 [><+4><P

dx
true

=gt 2 ud=d (k™3 +Adx"2—xtusd 0]

HMAIN EAD AUTO 3 i/0

Der allgemeine Ansatz fiir die Losung u(x,y) lautet:

u(x,y)= IP(x, y)dx +r(y). Aus dem so gewonnenen u(x,y)

wird nach Ableitung nach y ein Ausdruck fiir 7'(y)
bestimmt, der dann nach y integriert zu »(y) fiihrt.

|’f1 T FEv Trz-T r-:-T FE G ‘I’ ]
- E Alaebral|Calc|0ther PPngDTClean Up

|f1 T Fer Trsv‘l’ Fie T FE FE™ T ]
TE AlgebralCalc|0ther F‘r‘ngElTClean Up

|’f1 T FEv Trz-T r-:-T FE G ‘I’ ]
- E Alaebral|Calc|0ther PPngDTClean Up

L —x+%'>q(><,‘=l) Done
B ROk, w0l + U, W)
=L, W) 3 2oy (2wl ey

Daohe
EAaRIVIE 3 B
Idlg[u(x,u)J=q(x,g)

_d AR R . S
dg(r"(u)]+x thomSomE g T 4wt —w

) = 5]
lJ[%]a’.g Friy)

TulE,ul=C

Do

2
x3-g+4-x2-g+x-(2—g)+gT=c,

2
l‘4-x2-g+x-(2—gj+gT=c.|x=B and y=2

l=c

2
'x3-9+4'x2-g+X'(2—g)+gT=1

s z

92
R LR R R R o |

Ao, ud =g,y
HAIW FRD AUTOD OE

[TED]

ulx, wr=c|
Ml

EAD AUTO FUHC 1430

"3* +4*x"‘2* X2y I+ D rd=1

FUMC 1450

[Fx ]’ Fov Trz-T ru-T FE T [ T]
- E AlgebralCalc|0ther|Prgml0|Clean Up

Von den beiden Funktionsgraphen gilt natiirlich nur der obere!

17 _Fiw Fx FEw Faw

TALE

v e [Fom | Trace Regr"aph Math|Draw|r

3

2 a?
mzolue| 7oyt doxt oy x (2ot =1y

g=2-[.lx6+8-x5+ 145t -8 S 4o 2onb

I L R P VRN .
Done

JE e 5, 1a %
—2*x+1)+x*(x“2+4*x—1))*92(x)l

MRIN RAD _AUTO FUNWC 14/30

FMAIN EAD AUTO FUHC

1 Fewr FEr | Fy™ FE FE*
2 canirol |To0]iar [F fnd. Mbde

Only the upper graph is
valid.

Ein Programmvorschlag/Proposal for a program (following an idea of Giinter Redl).

|f1 T Fer Trsv‘l’ Fie T FE FE™ T ]
TE AlgebralCalc|0ther F‘r‘ngElTClean Up

N Pr‘rgsm 1 DT{Z

Esxakt(P_ P
;lff‘ d% adl
: P—

Oizsp lﬁlr'|1c,h§ exa
?gto ehd

212 Then

SR

LR N LT

:u+.F(q —diu, 4, ud=c+l=za_gen
:0isp l=ag_gen

tLbl end

EndPram

HMAlN

FhD AUTO OE

Ty c0s(Z 1) = cos(y)
cos(q?-xj R x-su;(Z-x) +x-s'
433

" deSoluely' =

_4onk

Cos(2- X)) u+ 2k sin(2 -y +

lexakL[S-x2-9+8-x-u—H+2,><3+4-><2—>cb

Do

3

®xFu+ g2

o2
e (Z-w) o=

W2 2+8x*2—2+2,x“3+4x"2 Wty 20|
Ml‘!lN

BE 1530

HMAlN FhD AUTO DE __i7/%0




d) Ein Vorschlag ist, mit mit Kern Z—

oQ

Differentialgleichungen mit CAS 42

=s(x,y) zu beginnen. Dieser Term muss sowohl

nach x als auch nach y integrierbar sein und ergibt dann die Terme P(x,y) und Q(x,y), die
noch mit jeweiligen Integrationskonstanten ergénzt werden diirfen.

s(x,y)=x-cos(2x) +siny

P(x,y)= js(x,y)dy +konst = x-y-cos(2x)—cos y + x°

z.B.

(x-y-cos(2x)—cosy+x2)-dx+(

e)und f) Die CAS-Losungen:

g)

O(x,y)= Is(x,y)dx + konst =

cos(2x) N

x-sin(2x)

4

2

cos(2x) X sin(2x)

+x-siny—y°

4

2

+x-siny—y2j-dy=0

| ngebra Calc, Elthe-r* Pr‘ngDTClean Upﬁ

j i Pr*ngElT

PN | PP A PUNC S JA- S
Done

| 2
Ioxfu+Bnu-u+z
IdeSolue[g' = [ i il ],xsb

x3+4-x2—x+%

2
R g+ w2, u-2-xl(u- 2)+H——E1

y+2 PEAS i R N e e P IR R L]
M

FAD HUTOD DE  4E/F0

L] deSolue[U' =

cosl2 Wl g+ 2 x-sinl2-w) g+

{xoy.

+x-singg) = = [ J

cos(2 %) - cos(y)

cosi2 X

W SN2 x) L4
* z

+x-=

s

453
=

T ] I’fr'ujl’ FE T 3 T Fiy T FE FE ‘I’ ]
v nger:nr*a Calvc, Elth;-r* Pr‘ngDTClear: Up
SRR o T T 0

Done

L] exakt[x yrcos(Z ) - cos(u) + xZ, MP

Done
" lsg_gen

cos(Z-x)-y
F +

zi e 3
% sm(22 AR +XT_X'°°5("

W XW T —dxwXcos () —dxgy 3 I=02

w2 EYS 2w F Y —wkcos (wI—u*I I=c]
0

Gl

EAD RUTO

DE /0

HMAIN FAD HUTOD DE  iF/

Im dritten Bild wird die Programmldsung der selbst erstellten DGL gezeigt. Sind die

Ergebnisse mit deSolve() und dem Programm édquivalent?
Are the deSolve()- and the program solutions equivalent?

Das Richtungsfeld mit der speziellen Losung.

g 1T

2 ."|\‘“~—-"//;"'.-"'"|"|1|\\\\\\\
g Bl v Bt v 2) L 74 L IR NN

t3,,4,t2_t+~s_21 P BN —:. Bt T e e e
wil=2 ] ——
gz e [ e
2i7 R I e S N e R R s
i Ve A [ | S S
w2 ' (E)= Ll A O
HMAlN FhD AUTO OE HMAlN FhD AUTO OE

Fiir ,,unsere* DGL (d) enstehen recht barocke Losungskurven (ncurves = 4). Leider kann
man am TI keine implizit gegebenen Relationen (Funktionen) zeichnen lassen — mit
Umwegen iiber den R’ ist dies recht mithsam mdglich — siche spiter. Uber den
Funktionseditor wird entweder das EULER- oder das RUNGE-KUTTA-Verfahren fiir
eine numerische Approximation eingesetzt. Ich vergleiche die Ausgabe am TI mit der

Ausgabe von DERIVE.

"My personal DE" from (d) results in very baroque solutlon curves. Unfortunately we cannot do
implicit plots on the Tl in an easy way — we can do it via R® representation as shown later. |
compare theTl-plot with the respective Derive plot.
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FELECT OME 15T-ORDMER FUMCTION OMLY
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-
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Differentialgleichungen mit CAS 43

Eine Verbesserung der Darstellung ldsst sich durch Verkleinerung
des tstep -Werts bei gleichzeitiger Verkleinerung des
Bildausschnitts erreichen. Dass man auch {ibertreiben kann, zeigt
die Abbildung rechts oben. (Zooming in does not necessarily

improve the graphic representation.)

Im linken Bild sieht man die DERIVE-Darstellung der implizit
gegebenen Losungskurven mit den Anfangsbedingungen y(0) = -

Beispiel 4/Example 4

2743 =2Ty=0; y(O=-2, /(0=

a)
b)
©)
d)
e)

b)

Bestimme die graphische Losung am TI. Graphic solution on the TI.

Lose die DGL auf traditionelle Weise — CAS-unterstiitzt, aber ohne desolve().
Vergleiche mit der reinen CAS-Ldsung. Compare the traditional with the CAS-solution.
Interpretiere die Werte in der TI-Tabelle ([TABLE]). Discuss the [TABLE]-values.

Ein Richtungsfeld ergibt sich {iber F9 Format Fields DIRFLD im [GRAPH]-Fenster. Versuche,

auch die Losungskurve zu zeichnen und vergleiche mit den frither gefundenen Graphen.
Plot the direction field together with the solution curve from above.

Fiir die Eintragung im Funktionseditor muss ein kleiner Trick angewendet werden.
Die vorliegende DGL muss zuerst durch geeignete Substitution in ein System von zwei
DGL umgewandelt werden. The given DE must be transformed into a system of two DEs.
Man setzt: yl =y, y2 =y', y3 =y" usw. Durch Differenzieren ergibt sich dann:

m

yl'=y,y2'=y", y3'=y" usw.
Bei der vorliegenden Aufgabe bedeutet dies:

) 3, 27 i rhanlEdit] v Al st elries..
yE=-—y+—_—y Bl 1
2 2 Lo=0,
ail="=
Fiir die Zeichnung der Losungskurven miissen iiber 3%:{?{2'”2 vzl
) : } 9=
F7 die Axes nach der Abbildung eingestellt werden. i
_oid4m
Format Fields FLDOFF R R
via Zroz.;m Erdsit I.'/ Fﬁvl 5{;'19 HXF;S___ -‘E ZFDZD'N Trf;ce RegFrllaph Nrast-h D:‘sgu v? f IFE
SFLOTE gl
,g;'_'?:g’ AHES

2 121 Fses,. CUSTOM=
He =1 W RAxis Lt

3%?; Y Axiz ul=

g‘iﬁ: (Enter=5SAUE) (ESC=CANCEL)

gdi=

gig= t

uo'=
yl'Ctr=y2
USE £ AND + TO DFEM CHOICES HAIN FRD AT 13

Wir 16sen die charakteristische Gleichung, die zwei reelle getrennte Losungen liefert.
Die allgemeine Losung wird als Summe von zwei Exponentialfunktionen mit
unbekannten Koeffizienten angesetzt. Diese werden leicht aus einem linearen GLS
berechnet, das aus den Anfangsbedingungen gewonnen wird. Mit geeigneten [WINDOW]-

Werten lésst sich die Losungskurve schon darstellen. Solve the characteristical equation and
find the general solution as usual.
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< i1 gebralcsiclother Praniofciean Us] | |+ zoon|Trace Rearaph Math[orm - ¢ [
--:"-- - -oen lsolue[E1+E2= -2 and 3-@1—%=1/2,P
B h:_ o s o B1=-17-15 and B2 = - 13415
.b4(§)= S * b Bl+ms gl BT Hanz TR By = 17015 and b
d - _ 382 _ 2=
gglbda) =102 k=0 3Bl -5 =102 17 63K g3 2
nonlia Bl 482 = 2 aed 101 - SB2_ 4,0 = =
gl O xd 1x=0 wX2#15-13 ¥ (P %¥n 2D /15491 (x|
MAIN RAD _AUTO FUWC 8/8 FMAIN EAD AUTO FUHC 89,20 MAIN RAD _AUTO FUNC
Die reine CAS-Losung ergibt sich sofort in SRl dbralcatc nther [Pranioftietn e
allgemeiner Form. Zur speziellen Losung muss man s a1l | x =0 12
vorgehen wie in b) gezeigt. RdeSolue(Zoyt 3w ST WE0 G W
. L . =2 el Hipte Z
We obtain the pure CAS-solution in one single step. -3
= b4 Bl ¥app e
ba<x2]
FAIN KhD AUTO DE __di/Z0

Die Tabelle wird zuerst eingerichtet, dann kann sie betrachtet werden.
Unter y1 und y2 werden die Werte fiir y(x) und y'(x) ausgewiesen.

1.. : gé 1 L)
- . 5. 37o99]2 1. 67EAn
thlStart...... . [N | - 1000060 2. 065395 -2, 10533 - 30O000] 3. 7O042| 13, 24552
athleauas. ] L Z000000] 2. 39201] 4. a7z = 200000] 2, 7O645[7. SSE a4
e o L SOADOAN] 2. E564] 7. 2TEEs = 10onnn] 2, 151653, 54955

. ADO00RN] “3. B34sa] 10, 4726 . . .5
Independant.. .5 5. 05512 14.5151 L1 ~5. 05998 2, 10539
[, (Enter=cAe> ¢ESC=CANCELY | | [TE00m0ae] 6. Tolo6] 12, To9a S RROORR] 2. 39201] 4. Saras
OO0 -, D026 767 T . TOO0000] 3. 00505 26, 7652 . S000000] -2, J6a64] 7. 2700

t=0, t=0. t=—.4

TYFE + [EMTERI=OK AMD [ESCI=CAMCEL AN EKAD AUTO DE HAIW FRD AUTO DE

Setup the table and inspect the values of y(x) and y'(x) as y1 and y2.

Wenn man auch die Werte der zweiten Ableitung sehen will, dann muss man wieder in
den FUNCTION-Modus zuriickwechseln. Der Vergleich zeigt den ,,Fehler bei der hier
angewendeten EULER-Methode. Wenn man im DE-Modus auf die RUNGE-KUTTA-
Methode umstellt, dann fillt der Fehler deutlich geringer aus.

For finding the values of the 2nd derivative one has to switch back to FUNCTION-Mode.
Comparison shows the "error" applying EULER-method. Applying RUNGE-KUTTA results in
smaller errors.

3 ul g2 Y3 + gl gz
2. . 10t ~2. .
L AoEanEn] -2, a2245] -2, 16277 -24. 9529 danaecna] -2, 03236] -2, 10296
q S 2000000] -2, 417°43] -4, SO358] 25, 7209 2000000 -2, 41717 -4, 60984
"QZW(gltxj)  SOERnED] -F, 0 223 -7, I51A1] -2, A3TE LEEOBEOE -F. 01162 -F. 35142
2 - AOEORED] -3, EEHE] -10. 6437] -36. FREZ LAnoaena] - 90463 -10. 6419
Y= d (9100 S DOEORED] -5, 17059] 14, 826 7] 47, 56 0| L DEIDEECE -5, 16204] -14. 221 4]
dul L EOEEOEC] -6, 31451 ] -2, I06F| "6, 2259 BEDAECEE] -6, 3101 1] -20. 2956
EE | . P 0e0Raa] -9, 29213[ -27. 5973 -84, 0470 L TR0E00a] -5, 28474 -27. 5774
a(x= x=0. t=0.
MAIN RAD _AUTO FUNC FMAIN EAD AUTO FUHC MAIN RAD _AUTO 3

Im Richtungsfeld wird der Zusammenhang zwischen y1 (= Losungskurve) und y2 (=
erste Ableitung) dargestellt. Stellt man die Achsen auf TIME um und aktiviert y1' und y2',
dann werden Funktion und erste Ableitung gezeichnet. (Hier wurde die Funktion mit dem
Style Thick ausgezeichnet. AnschlieBend habe ich die Graphen der exakten Losung und
deren erste Ableitung iiber die numerische Approximation gelegt (RUNGE-KUTTA).

|f1 Trz-‘l’rz T & Trsv']’rsv]’fr Tra] |’f1 ]’sz‘l’ FE T iy Trs-Trsva? Tra] |f1 Trz-‘l’rz T & Trsv']’rsv]’fr Tra]
TE Zoom|Trace [Regraph|Math|Draw|« / IC - E Zoom|Trace |[Regraph|Mat.k|Oraw |- f Ic TE Zoom|Trace [Regraph|Math|Draw|« / IC
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b
FfIN EAD AUTO DE HMAlN FhD AUTO OE FfIN EAD AUTO DE

Wird die EULER-Methode eingesetzt, kann man leichte Abweichungen auch optisch
erkennen.



Beispiel S/Example 5

y/!_

a)
b)
©)
d)

e)

3/ +10y =x" -2;

Differentialgleichungen mit CAS

y(0)=1,y'(0)=-1

y =1 y'1H=2
Bestimme die graphische Losung am TI. Graphic solution on the TI.
Lose die DGL auf traditionelle Weise — CAS-unterstiitzt, aber ohne deSolve().
Fiihre die "Probe" durch. First without and then check with deSolve().
Vergleiche mit der reinen CAS-L6sung. Compare with the pure CAS solution.

45

Die beiden Losungskurven werden leicht gefunden. Fiir die zweite sind die
Anfangswerte zu verdndern. Diese konnen auch interaktiv iiber F8 im Grafikfenster

eingestellt werden.
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b) Die traditionelle Losungsmethode beginnt wieder mit der charakteristischen
Gleichung, die hier zwei konjugiert komplexe Losungen ergibt. Der Realteil wird fiir
die Exponentialfunktion und der Imaginérteil fiir den trigonometrischen

Losungsansatz verwendet.
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Dabei bleiben zwei Parameter. Fiir das Storglied x* — 2 wird ein unbestimmtes

quadratischen

Polynom st(x) angesetzt, dessen Koeffizienten nach Einsetzen von st(x) in die DGL durch
Koeffizientenvergleich gefunden werden (b0, b1 und b2). Durch Einsetzen der
Anfangsbedingungen erhélt man schlieflich die noch offenen Parameter. The traditional

way supported by the TI.
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Das ist die Losung fiir das erste Paar von Anfangsbedingungen —in ,,Schonschrift®.

3 3y Blx
2

2
601e” cos === 2863\/_1 e? sin 2 3 101
()= R e
500 15500 10 50 500
The solution for the first pair of initial conditions. In ¢) we check the result.
¢) Die Probe bestitigt unser Ergebnis. [‘_ngebpaTCa_lchppgmmeean uPﬁ
15500 ST

Dok

. iz Fle)) = 3 —afg10)) + 180wl
Pt () Tl 10 e

wZ-z
s{u1o0 Ftuoarf|x=o a1

AN RAD_AUTO FUHC 17./20

d) Wir I6sen die Aufgabe mit desolve() und verwenden die
allgemeine Losung zur Berechnung der speziellen Losung fiir das zweite Paar von

Bedingungen.
B e sl e ot e Framiolcie s ue] || [FEla1 simraleotclotherFrontolc ey U] |
T L T T T
FEIES 2 - z ’
2
mulix) (i) p|x=0 1 -1r .
{ ax } 5 B =olue 1=E1-cos[g]-93/2+E2-sin[g'
ldeSolue[ =3y + g = —2xg] = J_’ -
3% 5T-x 3_ I 521-505[%]-9 -32 1??-sin[%], p T3IE 521-51‘,
u=@Ee 2 -GOS[T]+E2 & sm[ 4 Bl = =55 - 1551 i B2=
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Die komplette zweite spezielle Losung kann mit einem mit DERIVE produzierten

Ausdruck verglichen werden: Compare the 2nd special solution with the respective Derive
result.

2
DSOLVE2_TIv(-3, 10, x - 2, %, 1, 1, 2)
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Beispiel 6/Example 6
Eine Anwendung: Schwingungsgleichung Vibration Equation

Die Feder eines PKW wird durch das Gewicht des Fahrzeugs (ca. 3500 N pro Rad) verformt.
Die Feder wird um weitere 5 cm verformt und dann sich selbst iiberlassen. Die
Schwingungsgleichung s(¢) ist aufzustellen und der Graph (Weg-Zeit-Diagramm) zu
erzeugen.

Dabei ist m die Masse (m = 350 kg), k die Federkonstante (z.B. 50000 kg/s*) und / der
Dampfungsfaktor. Verschiedene Werte fiir / fiihren zu verschiedenen Fillen. Untersuche die
folgenden Félle und interpretiere die entsprechenden Graphen:

a) Dampfungstaktor /=0 dvarious damping factors
b) Dampfungsfaktor /= 1000 kg/s
c) Dampfungsfaktor / = 10000 kg/s

d) Welcher Dampfungsfaktor ergibt eine gerade ausreichende Dampfung?
Which damping factor is necessary for sufficient damping?
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Alle Aufgaben werden mit grofftmoglicher CAS-Unterstiitzung geldst.
This example was presented by Glnter Redl in a T3-ACDCA-Seminar. Many thanks, Giinter.

a) Es ergibt sich das Bild einer ungeddmpften Schwingung. undamped oscillation
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b) Hier sehen wir eine zu geringe Ddmpfung — eine geddmpfte Schwingung. Die
Funktion s(¢) gemeinsam mit + 0,05¢™ 7" too less damping
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c) Mehr als ausreichende Dampfung — Kriechfall, aperiodische Bewegung. too much
damping
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d) Eine gerade ausreichende Dampfung ergibt sich, wenn der Ddmpfungsfaktor 1 so

gewihlt wird, dass die charakteristische Gleichung der DGL eine reelle Doppellosung
hat.
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Choose damping factor | so that the characteristical equation must have a real double solution.

On the next pages you can find problems from DERIVE Newsletter #2 and #3 (1991). Then
we demonstrated the use of the MATH-file ODE1.MTH. Some of the then useful auxiliary
functions are missed in recent ODE1.MTH, because programming made it possible to
integrate them into one procedure.

| recommend to compare with the updated contributions given in DNL#2 and DNL#3. Josef
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Examples from DNL#3 worked out on the TI-92+/V 200.
Compare with the DERIVE procedures!

Ex1: (I+y)dx+xydy=0
Give the general solution and give the special solution containing P(3|2).
Sketch the direction field, some integral curves and the graph of the special solution
from above.

(I+y)dx+xydy=0 > 1+ +xyy' =0
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General solution is y° =———. We plot the direction field together with the integral curve passing
X

the given point.
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ncurves from the [WINDOW]-settings does not work — (0 is temporarily set at the middle of the
screen and initial conditions are distributed evenly along the y-axis). As there are no defined
values on the y-axis ncurves must fail!! We can add solution curves via DrawFunc in the [GRAPH]-
window or we change xmax and xmin to shift the y-axis out of the center (ncurves = 10)
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Ex2: (+e")yy'=e"; P[]
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Derive version 2 showed the solution: y = 2
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Plotting both functions y1 and y2 on the same axes shows the identity of the solutions. Then we see
the direction field together with one branch of the special solution.
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Ex 4: The logistic growth curve
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Ex 5: The general equation expressing the relation between electromotive force U and
current / in a circuit containing the resistance R and the inductance L is:

U=L-I'+R-1

Solve this equation first for a constant U = Uj.

I(t=0) =0

Then for Uy =20V, R =

5Q, L =0.1 Henry.

Solve this equation, when U = U, sin(w?)! (o = 40)
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Ex 6: The DE )'=x+y defines a nice direction field. Let the Voyage 200 plot this field
together with a family of integral curves.
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Ex 7: Find the general solutions of the given DEs and verify them. Find also the special
solutions containing the given points.
a) xy' —4y+2x*+4=0; P(1|-3)
b) y'cosx+ ysinx =tanx; P(§|1)

c) (1-x)y'=l+xy; P22
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Ex 8: Both of the following equations are of the Bernoulli-type:
Y+ p(x)-y=q(x)-y* (k =const)

X

, €
a) y=7—y; P(0]2)

b) Y x +yxt—(x*+1)y’ =0; Verify!
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Ex 9: Test the following DEs on homogeneity. Then solve the equations.

, +X
a) y=i—; P(1]2)

x _ 1 . .
b) Y = u; P 5 —% , verify the solution!
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and the solutions:
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Ex 10: Compare the integral curves of
2 2
- 2
2x y =X

Plot both curves together with the tangents in P.

intersecting in P(2|-1).
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Ex 11: Find the curves which intersect the circles x* + y* = 7 at angles of /4.

Plot some circles together with a family of curves representing the general solution of
the underlying differential equation.
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Ex 12: A point moves on a curve in the x-y-plane in such a way that the angle formed by the tangent
of the curve with the x-axis is three times the angle between the radius vector and the x-axis.

What is the Cartesian equation of the family of curves satisfying this condition.

Plot a family of solution curves, especially this one which contains P(-3|-2).
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The first — graphical — approach is not really satisfying. Again application of polar
coordinates proves to be a successful means to obtain better results. More explanations can be
found in DNL#3.
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The solution curves are lemniscates.

. S| Jcr-2,00
AN RAD_AUTO FOL

Ex 13: Show that the given DEs are of exact form. Give their general solutions and to each one the
special solution if there is a point given:
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eV _,

y

c) 2xy—(2x" +y)y'=0;  0(-213)

b) 2x+e Iny+

L]

w2y -x+4-u1=0 and Ulll= - 342, x,4)

H Pr*rgsn I IZIIZ

iy + 33094 =— trluZ-uwl-uZeg+p

a3
l[lePt['3-92+g+33/4= 23" +3- (w2 - gk

ldeSolue[?-xz—g - (2ocu -t gk

(ans(l)) Plght(ans(i)) B)*12

AN RAD_AUTO FOL__ 2/ 2 MI]IN EAD_AUTO FOL 14

ngebr‘a Calc. DLher‘ PPngDTClean U

-—L2 w+ e T Ina] - ] .di(z.x.gj_%[.z_xz_g]

I’fi 'l’ra Tr3‘|’ruTr5 TG T‘|
vE ngeEr‘a Cafc Dt.h:':-r‘ Pr‘ngDTClear: Up

IdeSolue[Zx-g—g' -[2-x2+g]=l3,x,u]

' e¥gt 2
BheSolue| 2-x+ ™ Inldd + m =0,x%,d BdeSoluel 2w g -y |2 w4y

B 2
€7 1nlg) + = = 81 ldeSoer[Z-x-g—g' [2 x2+g]=ﬂ and i -k

wzoluele™ In(uy + xZ =01, ) -1 4 xZ-4
(21 - 2] % wdesolvelz xou-u (2 %2+ ul=0 and u-p o EtYRET S
=
=gt (B —x"2 2% (")) ans {1 3¥9y~2 ansg (1 y*94~3]
FaIN FAD AUTO FOL /30 HMalN ErD AUTO FOL 4/ 7 HMalN ERD AUTO FOL  7AZ0
1"'m . .
- i i N e
mdeSoluelZ wu-u' (2 %+ u]=0 and u -k
_ 2
14 _xZ-q
T E e —gz
-[__l_i.'. 1.9 = x2_4].9,92
o 2 g
ang {1 2 ¥Fuyn2

HAIN RAD AUTO FOL i/7




Differentialgleichungen mit CAS 56

Ex 14: Try to find a solution of the differential equations given below. Manually they are solved by
means of an integrating factor. Try to find this integrating factor and prove it.

a) 2xy—(2x* +y)y' =0

b) x>+ (xdy—ydx)=x*(a+x) dx
c) (xcosy—ysiny)dy+(xsiny+ycosy)dx=0; P 1%
d) (2x'y* = y)dx=(x—=2x"y")dy
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Ex15: (x-2y+5dx+Q2x—y+4)dy=0
a) Find the general solution using (x,|)) and using a parameter c.
b) Find the special solution with y(1) = 1.
c) Sketch the integral curve and the direction field.
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Ex 16: Clairaut equation y=xy'+y'—y

Find the general solution, give the singular solution and plot the respective graph.
Find the special solution(s) through P(2|1).
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deSolve cannot be
applied. Help yourself and
write a function clair.
(Replace y' by v.)

Ex 17: Which is the curve with its tangent’s segment between the axes having constant length a = 2?

Give both general and singular solutions.
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More explanations can
be found in DNL#3.
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Ex 18: The following equations of form y=x- p(y")+¢(»") are called LAGRANGE DEs.
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lagr(equ) with v for y' follows the Derive function
from ODE1.MTH. You find the explanation in DNL#3.
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No singular solution, a family of special soultions.
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Singular solution y = x — 2 together with a family of

special solutions.
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