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Abstract

Are certain basic (manipulating and other) skills still necessary in math teaching? If so,
then we should talk about which ones and in which amount. Some examples shall demon-
strate that we can use modern computer and hand held technologies to encourage pupils
and students of dl levels to practise those skills which might be neglected in many cases
using technology in math education. The examples presented have proved to be successful
in classes but certainly there are many possibilities to improve the basic ideas in many
ways using the features of all resources available at the moment.

At amost all discussions on the use of a CAS in teaching mathematics the question appears if mathe-
matical basic (manipulating) skills are lost by using computers or not. At the same occasionsit is em-
phasized by the members of the discussion that there is aneed in investigating which basic skills are till
necessary and in which amount.

| start from my point of view that - at this moment - we cannot and should not do without certain basic
skillsin mathematics. | feel unable to give any forecast for the future. | am sure that we could signifi-
cantly rise the acceptance of technology in teaching mathematics by sceptic and critical teachers or
technology refusing educationa systems if we would be able to apply technology not only to present rea
life problems or new - for some people radical - didactical approaches but also to improve basic calcu-
lating and manipulating techniques and mathematical capabilities. We can very conscioudy practise all
those techniques using technology which could be neglected by a (too?) intensive use of the technology.

It would be necessary and helpful to set up alist of such basic techniques which teachers would like to
have practised by their students. From my own experience | can say that it is very useful to provide the
pupils - or students - with tools which enable them to help themselves in case of troubles and difficul-
ties. It is not sufficient to have a textbook with lots of examples followed by the solutions and the stu-
dents don’t find the way from the problem to the solution. At the other hand it is not sufficient to have
problems followed by a step by step solution. Sometimes it could be useful to work out a student - com-
puter interactive strategy to help overcoming some deficits.

The teachers should present their wishes and visions independent of any specid soft- or hardware and
without any need of producing ideas how to redlise their ideas. The software people could present or
describe potentialities which might be unknown by most of us teachers.

| collected afew ideas of skillswhich could be practised and improved using computers (that isonly a
glimpse and | know that the discussion could lead to the conclusion: "we don’t need this or that any
longer in computer age'.).



Estimating numerical results

Working with percentages

Working with fractions

Elementary algebraic operations (factorising, ......)
Recognising types of functions by their graphs
Functions (Relations) and their various representations
Solving equations (linear, quadratics and systems of equations)
Cdlculus techniques

Improving 2D and 3D imagination

Calculating mentally

Transformations of functions

Incited by ideas from J. Vermeylen (Belgium), Heinz Rainer Geyer (Germany) and J. Wiesenbauer
(Austria) | tried to produce training- and practise programs for my students (secondary level I1), which |
want to present as seed for further developments. The platforms are DERIVE and the TI-92. The only
reason for that is because | mainly use those to CAS. | am sure that you can use each of the available
systems, but the goal must be to devel op softeware products which will meet our - the teachers” and the

students'- very specia wishes, ideas and visions.

I have tried to work with such tools since long. In my first years working with computers | produced

programs written in BASIC. It is quite nice to follow the development of hard- and software on one

application: The Rule of Vieta, presenting random generated examples.

I will allow anostalgic look into the program code — | am happy to have done this a couple of years ago.

It helps alot to program with modern software tools.
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Datei

finsicht 3Suchen Ausfihren
UIETn.BAS
10 ' xxxx Trainingsprogramm zum Uieta’schen Wurzelsatz

15 ' x==x Programmname M 1

z0 Bohm 1985

Z5 COLOR 15, 1

30 RANDOMIZE TIMER

160 CLS : LOCATE 5, 20: PRINT "W I E T A - UBUNGSPROGRAMM"
110 LOCATE b, Z0: T TR e e S e Sk
115 Al = AU + 1

120 LOCATE 8, 16: PRINT “"Aufgabe”: AU

130 LOCATE 8, 40: PRINT “davon richtig:": R

Bearbeiten

Debug Optionen

135 FOR Z = 14 TO 22: LOCATE Z, 1: PRINT STRINGS(?5, " "): NEXT Z
140 T = ©
Z00 B = INT(RHND(1) = Z6) + 97

210 X1 = INT(RND(1) = Z1) - 10: XZ = INT(RND(1) = 31) - 15
215 IF X1 = XZ = 0 0R X1 = -XZ THEN Z10
220 BS = CHRS(B)

225 K1 = -X1 - XZ2: KZ = X1 = XZ

226 IF K1 ¢ 0 THEN U1§ = "-" ELSE U15 =

Direkt

|UNSCH+F1=Hilfe F6=Fenster F2=SUBs FS=Ausf F8=Schritt 00001 :001

Then | changed to DERIVE working with a class in the computer |ab:

Hm3: VIE(3, x)

4 2 E
x -43 =0
Z
it x —Z21-x + 108 =0
Z

- x -5 x-6=0

3 Z E

x —493 =0
Z

M5: H | x - 21-x + 108 = 0

6

Congratulations if you are right. Now try the next five problems?

Press any key to continue_
Simp(#5) Free:100x Derive Algebra

The idea stayed the same, the tool changed and it changed once more to handheld technology. | redisco-
vered my old BASIC-program, converted it to the Tl"s syntax and we practised "Vieta' in the lessons, in
the breaks, at home, sometimes in the train or sometimes just for fun or — how a student told us—as a
means to find her concentration before learning for other subjects.



Practise the Rule of Vieta

oo [ 5 oo H 5
wineall i ] i ""] Fivgdnenll s i H "@imﬁﬁif ]

Problems: 1, correct 1 Problems: 3, correct 3

a?+1g-g+s0=0 cf-1a-c-11=@

l.BSDlutinnl 1. Solution:

Zé Solution:? %. Solution:?

right sortd, false #®1 = 11, =2 = -1

End = ESC., next = ang End = ESC., next = ang

HAIH TEG AUTO FUML 0/%0 | HAIH TEG AUTO FUML 0/%0 |

Allow me another remembrance to my BASIC past: a program to revise the students’ knowledge on set

theory. | am till using that tool, the students like it and it doesn’t take too long time to achieve quite
reasonable results.

GABE:

19,17,12,720,15,2,3,25,7,10,16,11,6,22%

{20,16,17,11,6,7,15,12,25,22,2,9,3,10%
120,22,6,15,3,9,11,10%
117,25,11,16%

Aufgabe : (A % B) N (A N C)

(AN B)Y N (ANCY = 19,17,152
Das stimmt leider nicht.

(AN BN (AN C) = 116,12,25)

{ENTER>

Problem: (AUB) N (AUC) N (BUC)

Fir die Hengen nur
den Buchstaben, fur
die Teilmengen nur
die Ziffer eingeben.

Teilmengen werden
grim gefullt. Beleg-
te Teilmengen konnen
durch nochmaliges An—
sprechen geleert wer—
den.

Die Eingabe kamm ab-
geschlossen werden,
wenn nur nehr dunkle
Teile vorkommen.

r i c ht i gt

{ENTER?> ? lost das Problem !




Some other examples are following:

Practise factorising (Jan Vermeylen)

15T FOL{3Y

-4 158
- 2-»% - 16-u -
Bl
3 2
H2e: 9.-x - T2-x + 216 -x
3 2 2852 -x
- 6-x + B4-xx - —
o 7
r L 5
—2-[x+ s +4]-[x— s +4]
2
H21: 9-x-{x - B-x + 24>

|- - T - - 7]

23 150 Nes]

4 3 2
9-xx - 18-x + 9-x

2
9. - 27
3 2
24 - 63-x - 318 -x + 887 -x - 378
2
49 -x + B4-x + 36
2
36-x + 96-x + 64

2 2
9-x -(x - 12
9.0 + 33 -(x — I3}
9
21 (% + 7)-[— - x]-(3-x - 23
as: 7

2
(7-% + 62

2
4-(3 -3 + 4)

POL (n) produces n random
number generated problems.

The students have to factorise
using pencil and paper and
then check their solution.

Thefile could easily be chan-
ged to practise specia types
of factorizations if necessary.

(This example is some years old and could be adapted to other platforms)
It could look like the next trainings tool (J.Béhm). My students liked it and used it:

hinomC>
TYFE OF USE €314 + [EHNTER]=0K AWD [EFCI=CAMCEL

HMAlW DEG AUTO FUHC 1/20

Lasung:
ClAOFM2-30f#0+30™ 2

leider falsch!
100-F2 - 60-f a+9-0%

Menue = ESC, weiter = beliehig
HAIH TEG AUTO FUMEC 1/=0 |

(Fz+7-d=5-m<

L&suna:
49z 2+49d2H
HAIN TEG AUTD FUHL 1730

They practised squaring and cubing binomials, squaring trinomials, multiplying binomials mentally and
with "Bunt gemischt" they are presented a random generated sequence of problems. So you can have
competitions in the class room and the pupils become very very busy, even the weaker ones.

The next exampleis from H.R.Geyer to help students improving their mentally calculation skills.
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J. Vermeylen produced a DERIVE
ez fileto have lots of "standard pro-
[0 oo T blems' desling with arithmetic series.
het verschil is : 19
3 “de element ie v 14 "verschil” isthe difference d of the
[ "het " “werschil is :* 14 ] Sseries.
- [ ? "de element is :" -103 ]
"het " "verschil is " -19
14 "de element is " -32
[ 2z "de som is :" —3‘3]
10 "de element is :" 81
[ 14 "de element is " 113 ]

The other screen shot stems from avery busy discussion in the DERIVE community to produce a sort
of report when solving an equation and applying various equivalence transformations. Johann Wiesen-
bauer solved the problem with a very sophisticated tool.

So students are able to reproduce, what they have done using paper and pencil and check their results
with the computer”s ones. They find their mistakes by themselves.

16: DOCE - 1> = (2-x = 2>
]
lea7: DO[T] = €x = 1)
2-m + 1
2 -7 =20 [@+ 71
2.3 + 1 LNCE)
3 = 27 [Sreas]
LNC3>
#18: wlaw = 2.+ 1 =3 e - 11
]
2-x = 2 [T]
x =1 £1
le19: W
2o+ 1 1 - a.x ER 1 - a.x
k2@ [ 5 = = 1= [ 3 = 5 1
H21: DOCE-15) = (5.¢2.x + 1> = 3.41 - 4.x3
H22: DOCE-15) = (1@.% + 5 = 3 - 1230
423: DOCE - 1@.3> = €5 = 3 — 223
2a: pocE - 3> = (2 = - 2230
e 1
r2s: pol- —= 1=1T o = ]
2.2 + 1 1 - 4.x
- - - -7 [1s.@1
3 5
S.CZ.x + 13 = F-{1 - 43> L@ - 1@.x1
5 =3 - 22.% e - 31
t26: wlay =
2= - 22-x [- —@]
2z
1
- — = x 1
11




| found it useful and necessary as well that students can find the equation of alinear function, seeing its

graph. They also should be able to have an imagination of the graph seeing the linear function very
quick: "Match the Line!"

weiter: w weiter: w Equation |5 - - - - - -
Erce + ENTER [ - - - - - - - ™ - o o o Erde + ENTER A F R B
Equation | © 0 [ A Equat.ion U=t e
R I G falsch | 0 o
=434 x
DI NN | T S S N I o DR
............ Taste, Ende=gd . . . . . . . L Taste, Ende=g—. . . . . . . L
........................ x e S 4
u DEG AUTO FUHC /30 u DEG AUTO FUNC_&/30 LT DEG AUTO FUNC_&/30
e Jpran1of "Find two points!"
I Hooooo H n n H H
e o a5 Y ou enter the second point, see a second "ball" on the grid and if
1.yl . n ' . .
i you are lucky the line passes the two "balls'. The linear function
]
f appears in various representations (explicit, implicit, ..)
u DEG ALTO FUMC E/20

and let the students hit them with as few lines as possible, or do that with parabolas

Finaly | produce a"game". Give some random points on the grid

EEEEH Serade:
Ende el (Ende = el
= B
u=1-x~3 =4 —:]
PR TP S J e S A
[ T S L T S
HIN DEG AUTD FLMLC_ 0,0 HIN DE AUTD FUNC_ 0,50

Another tool helped one of my classes to improve their differentiating and integrating skills. | produced

aprogram calc() for the T1-92 and then they were able to practise whenever they had some time and
what they found to be necessary for them:

Fi= . Fivw
= E D ferenzieren

tE 1
tkettenregel 2
fProduktregel (ko
=QuotlentenPeEel
tBunt gemischi!

54
Integrieren

1:Polunomfunktionen

lew
omp lex:

Fiv Far
[Ir'n“c\ % Ende Di{‘f‘er*enzierenm

L=t

L:Polunomfunkt ionen .
tSumme von Potenzfunktionen 28 5umme von Potenzfunktionen
JiProduktregel (elementar) 3iSubstitution
fluotientenregel felementar dipartielle
ShFege

1 =

= NLEQFST100 (0.5 0
H Ear‘ 1e e nLegration
&:Fartialbruchzerl

=guna
TiBunt gemischt!

CALC

calc{>

DES ALTD

FUMC 720

calc{)

CALC

DEG AUTD

FUNC 730

!

richtiag
weiter!

[ENTER]

Differenzieres

BwZ-2n+5
1)

Merwt

[ESC]

TG ped ~18x=20 = -Bx"2-2x+30 {150 0 (1n
(220

T

5{x3—4m2—3%—2}ex

“2L T3 2-BR T e (1D
falsch, richtig wire:

S5 (x3 -7 24 11 - 13)- ¥

CALC

DEG AUTD

FUNC 730

Leuzt|

2
weiter: [EMTER]
CALL DEG AUTO

Merm: [ESC

1
FUNC 7720

Leuzt|

There can be lots of improvements, | know. It would be better to explain the way how to do it correctly

to have redlly alearning tool. What do you say ro the next program, written by Philippe Fortin from
France. He calls the program "stepder” from " Stepwise deriving functions':



T

we of

~ | Hlugdneall i

ComPuting the deriwvati
-F(x)=x3-5in|:x3:]

FUx = F101- £20:00

Iy i q

A ) = o F100) - P20 + o F2000 - F10:0D
Derivative of factor #1

Computing the deriwvative of

F10 = 0™
ZTEFDER FEAD EXACT FUMC %0/ %0

E

g T ”.“
Der-ivative of factor #Z2
Computing the deriwvative of
£20:1 = sinl %3]

It's a functions composition
F20:) = L=

4031 = sinlx)

3

LEH) =

ETEFLER FAD ERACT FUHEL Z0/50 [F ALIZE]

s, s]: |
i :

ComPuting the derivative of

i) = 0

Lxhr' = n oHMih-12

L tuta) =352

then ...

%{FZ(X)] =3 %% coslx3)

ETEFLER FAD ERACT FUHEL Z0/50 [F ALIZE]

Thelast exampleis part of awhole sequence to teach the pupild how they can help themselves reaching

pig

~ st n;
Computing the deriwvative of
FLi = 2

Cx™nd' = nowtih—12

2 T
de:FI(x):I—S ®

Derivative of factor #2Z
Computing the deriwvative of

F200 = sinl?]
ZTEFDER FAD EXACT FUMC Z0/30

E

The derivative of $utxi) is
(VRS R P4

i) = sinCx)

The derivative of 4 is

%E $030) = coz(x)

P20 = sinfulxn

STEFDER KEAD EWACT FUHC 20,30

E

then B
%EFZ(X)]=3-X2105[X3]

The deriwvatiuve of
FU = F1030 - £200
is then :

%EF(X3)=3'K5'505[><3]+3-><2-5in[x3]
End of the step by step computation.

ETEFOER FRD_EHACT FUHE 30,50 TFH:

asound level in working and manipulating with fractions.

Befare working with fractions we had together devel oped a function to calculate the GCD of general
expressions, to check the common denomnator and then we used a selfmade function ew(expr) to find
the expanding factor for the denominator expr with a common denominator gn.

Step by step the students can perform their calculation and check it using the calculator.



From the T1 92 Wor ksheet 3

We have predefined a function ew(expr) which returns the expanding factor for a fraction with deno-
minator expr and the given common denominator gn

Train your skillsin calculating and manipulating with fractions

16a + 37b 6ab
: -
Example 2: 106 + 5 5 > 4

Calculate without the TI. Write down your result: ...........ccccevvvveenennen.

Hereitis.

17 Fer Fzr Fy* F& F& . . .
- £lf gsbralcaTc other prantolciear 2. | oo you find a reason why this calculation could cause
avery special mistake?

16-a+37b _ 6akb
Ta+10°B ' 4 2225 p2

-4

I-b
Tz a-5 b

(16a+37h> {4da+10bl>+6axh/(4a"2..

HMAIM KAD AUTO FUNC 1/30

mm:u ] Compare the common denominator and the factors
T T bring all the numerators over a common de-

mkguld-a+10-b,4 32 -25. b2]+gn i
(3 m-5-b) (2 8+5b) nominator.

" en(d:at 10-b) £ Explain the last part in the edit line;
wewl4- 3% - 25 b7 2
m16-a+37-b](2-a-5bl+6-a-b-2-4-gn -4 * gn:

£ a-b+15-bZ

RO LT ¥e PEACL ) PRAT-LI L 3011 | How to work with an expanding factor

ew()? -4 * ew(....).
Fuw B
Th _ Ki . v{— ngehr‘a I:alv:. DtLhEE F;lr*gu"uﬂ_.lIIII_UIZII\E'-ar‘*=I az. ]
e remaning work Isvery easy. m culd-a + 10 k) A
_ ) _ mewld-a® - 257 2
Explain the relation between left and right hand (162437 b} (2 a-5b)+6ab-Z-4an
sidein the last row of the history area &ab+isb
G abh+15 ke Ib
an Z(2-a-5-h)
5(1)/ n
HMAIN RAD AUTO FUHC B30

The underlying basic idea sounds very strange and controversary:




In addition to al the wellknown reasons to include modern technologies into mathematics teaching,
which | like and support in avery high degree, | aso use the technology in many cases to improve ma-
nipulatings skills which seem to be no longer of any importance by using these technologies.

If you would like to try some of the tools presented in this paper, then please contact me. | would appre-
ciate any suggestions and ideas dealing with thistopic.

Josef B6hm

Bundeshandel sakademie St.Polten
A 3100 St. Polten

Waldstr. 1

Austria

email: nojo.boehm@pgv.at



