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II1. Magnetic Field

A magnetic field can be described by using the following quantities: a magnetic induction vector
B, the magnetization vector J and magnetic strength H. These quantities are related to each other
through the equations
B (A+7), B=uuf,
where 4, is the susceptibility of free space and  is the relative susceptibility of a material medium.

When solving the problems in this chapter, we will use the following laws of physics: the laws of Biot-
Savart, Ampere and Faraday.

According to the Biot-Savart law the contribution of an element of a conductor d/ with current / to the

magnetic field strength H at a point 7 is given by the formula:

P 111
dr r
Ampere's law is of the form
$HdI=1 111.2

where the integration is along a closed line and / is the total current flowing through a surface bounded
by the line.

Faraday’s law of electromagnetic induction says that the electromotive force induced in a closed
circuit is proportional to the temporal rate of change of a magnetic flux through a surface bounded by
the circuit

do
Cdr

II1.3

PROBLEMS

III.1 A magnetic field is generated in the point P by a straight conductor of length /, in which a
current / flows. The configuration of the system is given in Fig. III.1. Assume the position of
the point observed is defined by the angles a;, a..

x A
a;
dx{ 7
o P
- -
o

Fig I11.1



Solution:

Introducing the angle o as a variable, one can perform the following substitutions in the Biot-Savart

law:
a a
xX= , r=—
tana sina
which leads to
I sina
dH = ———d&x.
Az r

We write the resultant magnetic field strength in form of the following integral:

H =L J _s1n2a [ﬁjda.
4r r da

-

Now we can turn to the computer algebra system:

(%11) =:a/tan(alpha)s r:a/sin{alpha)} s

(%¥i32) H(alphal,alphaZ):=I/(4*%pi)*integrate

(trigsimp (sin{alpha)/r*2*'diff(x,alpha)),alpha,$pi-alphal,alphaZ);

T alphaZ . . Ifsin{oc} ! \I

(503) H{alphal,alph323:=;—- tr1g51mpl—————-———x Jdu
. r

b i 2 o
n—-alphal N

We obtain for H:

(¥14) H(alphal,alphaZ):
(2 cos(alphaZ)+acos(alphal)) I

(%04) S

4ma

If point P lies on the axis of symmetry of conductor / then we have a; = a,. Thus,

(¥15) Hi{alphal,alphal):

cos{alphal) T
(%03)

2ma

If the conductor is infinitely long, then a; = 0 and we obtain the well-known result:

(%ie) H(0,0);

($0E)

2oa

The TI-NspireCAS treatment is following:

_a _a_ a
- tan(a')- . sin(tx) sin(tx)

[2%] Done
h(cx!,od} - sm{rx}. 4 [1} da

47 2 da
r

n—al

h(m' ,£Z2] cos(txl ]+cos(a2)
4anmn
{k{al,al},h((),()}} cos(ocl} 1
2an 2an




Exercise: The magnetic field strength generated by an infinitely long, straight conductor is most easily
calculated by applying Ampere's law. Carry out the appropriate calculations.
]

IIL2 A uniform current of surface density j flows in two infinitely long and thin tapes of width c.
The distance between the tapes is b. Calculate the magnetic field strength generated in any
point between the tapes and analyze the result.

Solution:

We make use of the result obtained in the previous example, in which we derived the strength of a
magnetic field generated by an infinitely long conductor. Its strength is given by

1

H= ,
2ra

where: [ is the linear current, a the distance between a point and the conductor.

First we consider one tape. We define the system of coordinates as shown in Fig. II1.2.

Fig I11.2

One can treat the tape as an infinite number of conductors (bands of width dy) parallel to the z-axis.
The value of the magnetic strength generated by one conductor (band) is given by (see previous

dH:i, where dI = jdy and r=4/x,"+(y—,)".

2xr

example):

Its Cartesian coordinates are given by

dH . =dH sin(p), dH , = dH cos(¢), where ¢ =arccos "o

Xo




The components of the resultant magnetic field can be obtained by integrating over the whole range

of the y-component (width of the tape).

cl/2 cl/2
H. = [ dH, H = [ dH,.
—c/2 —c/2

Now let the CAS do the job:

(%1i1l) risgrt(=0"2+4(y-y0)™2)5 phi:atan((yv-v0)/x0)5

(%13) assume (c>0)5
H (J,x0,y0,c):=3/(2%%pi)*
integrate (1/r*[sin(phi),cos(phi)],y,-c/2,c/2);

[ SN s

7 1
(%c04) H {j,xQ,yQ,c]:=;J. — [sin(p), cosi(e)ldy
- 2o r

1

%]
|

Evaluating the integral we get:

H (j,x0,y0,c):=3/(2%%pi) *integrate (radcan (1/r*[sin(phi),cos(phi)]l),yv,-c/2,c/2)3

(%15)
(816) H_(3,=0,v0,c);
! l |4 0 y02—4-: #0 y0+4 xr}a+-:2 KOD { |4 x0 y02+4-: 0 y0+4 303+-32 xr}|‘ﬁl
|xo| logl J |x0| :Log‘
| \ 4 \ 4 |
7| - - 2
\ 2 ®0 2 x0 )
(Bo6) [ r
2mn
( (2 y0+¢ (2 v0-2Y)
| atanl atanl |
. . 2 x0 . 2 x0
j|x0|] - J
\ x0 x0
1
2m

Declaring the domain of x, and applying function logcontract leads to %08.

(%17) assume (x0>0)5
logcontract (H (3,x0,v0,c));

\

| |& yGE—‘i cvo+4 x0%+ o2
Jlog

I‘ |4 v0%+4 ¢ yo+4 x0® + o7

(%oB) I ppe P pgn

We obtain the field strength for the point lying on the x-axis (y = 0):

(%1%) %08, v0=0;

b atan.‘ -
{7

(%08) [0,———]

II

Expression %09 indicates that the vector of the field strength his parallel to the y-axis.

We let the width of the tape tend to infinity, then we obtain:

 (2i10) limit (%68, c,inf):

7
%010 0,=
(%010} [ 2]




In case of two tapes the resultant field strength is the sum of the strengths generated by the individual
tapes.

The point lies in-between the two tapes, b > x,.

Here it is necessary to take two possibilities into account. If the currents are flowing in the same
direction, then we have:

(%¥111) assume (b—x0>0)5
(%112} %08, x0=b-x0;

| ' "J 2 yo+co . : 2 yl-o
- = o Jatanl ————|—7atan| —————
U& vO0°+4 cy0+4 ib—xO]‘+:‘J . 2 [(b-x0] g 2
(3012) [ ]
41 ! 21

(%113} logcontract (30124%08) ;

! |4 voi—4 cyo+4 (b-x0)%+c?

Jlog

\

4y0° -4 cy0+4 k0 -E b x0+c 44 B

I |& yoz—*& cyn+4 x0% + 22

J log| - — - - - - |
| |& ¥ +4 cy0+d x0°+c | |2 w0 +E cy0+4 xO° -8 b xO+ g‘+&b‘)
(%013) [ r
41
rf.:yf.'.l—-" f.:y0+: . 2 v+ (2 ¥yil-c
7 atan.‘ -7 atan.| 3 atan.| =7 atan.|
\ 2 x0-2 b 2 x0-2 b \. 2 x0 . 2 x0
+ 1
2o 2o

Similarly, if the currents flow in opposite directions:

(%114) %o0lZ,j)=-73;

| . [ 2 yvo-¢ . - yvo+co
. z o Jatan — |~ Jatan ———

4 y0©+4 cyn+d ib—xol‘+:‘J 2 (b-x0) L2 (B—x0)

Hol4 r
(2e1%) 1 41 2o ]

(%1i13) logcontract (%3o0l4+%08);

4 y0% 4 cy0+4 (b-x0)*+c?

.
b logi

I '13;02—'1 :y0+&x02—8bx0+:2+4b2 4y02+4 SYU‘l"lez'l'Sz\l
legI N ~ ~ ~ N N ~ |
|| v0 -4 cyo+d 0" +c|[¢ y0 +4 cy0+2 X0°-B b x0O+c +4b”|)
(%2013) [ r
41
) [ 2 y0+c . [ 2y0-c . (2 yo+c . (2 y0-c
F atan.| —\ 7 atan.| — 3 atan.|— -3 atan.|—
2 x0-2 b 2 x0-2 kb . 2 x0 . 2 x0
+ 1
2o 2o

The expressions obtained are general but rather complex.

We will analyze a particular case, i.e. where the tapes are of infinite width.

a) for currents flowing in the same direction

(%¥ile) limit(H (j,x0,v0,c)+H_(J,b-x0,v0,c),c,inf);
(%cle) [0, 7]

b) for currents flowing in opposite direction

(%117) limit(H (j,=0,y0,c)+H (-J,b-x0,vy0,c),c,inf);
(%017) [0,0]




This shows that if the currents are flowing in opposite directions then the magnetic field between
infinitely large tapes becomes zero.

Working with DERIVE is quite the same. There is one exception in the last two results. We
cannot define b — xo > 0, so we have to substitute SIGN(b - x0) by 1 manually:

Tim (H_(3, %0, y0, ) + H_(3, b - x0, y0, <)) =

C 00

+_
2 2

[ j+SIGNCh — x0) j ]
Us

Tim (H_(3, %0, y0, ) + H_(-3, b - x0, y0, c)) =

=0

i §.SIGN(b - x0)
0, — -
2 2

We show the last steps performed by TI-NspireCAS and we can observe the same — very
little — problem with the sign-function:

lim @_UJO&O@Dh0>O 0 J
c® .5
h_(j,_r0y0,c)+h_(j,b—_r0,y0,c] .

4-b2—8-b-r0+c2+4-c- 0+4-L02+ Ogr c2+4-c- 0+4-L02+ 02r
“In : Y > o |j In Y 4 Lk 4 er2:y0 | =2
2 2 ( 2 2 2 [ 2 2 tee iz »
4-b°-8 b x0+c"—4- ¢ yo+4- 0 +y0 ] "4 e yo+a- k0™ +y0 ] 2 (b—0) 2 (b-
47 47
k_UJOchﬁﬁftﬂb—rﬁde _
'h02+v02”lc2—4'C'v0+4'h02+v02”I |
Z — - Z —|j _F 4 ct2-y0 €230 | _{c+2-y0 e=2- 0 .
4 n 5 n P n an +tan tan tan J
-L—o‘wo‘”- (_c‘+4-c-y0+4-[ro‘+yo‘”, (2 (p0)) 2 (b-x0) 2-x0 2:x0 |
47 27

lim @_ﬁJOde+h_&b—10yad) [0 &mn@—rd+ﬂgnﬁd}j_
(= 2

hlmMWMthwﬁﬂ%ﬂﬂ F‘@@@ﬁmﬂ@ﬁwj_
C ™ 2

IIL.3  Calculate the strength of a magnetic field due to a circular conductor of radius R with current
1, along the axis perpendicular to the circle plane and passing through its centre (Fig 11.3).

Solution:

We apply the law of Biot-Savart (formula II1.1).

It should be noted that due to symmetry the vector of the strength of the magnetic field will be directed

along the z-axis. Thus, the strength resulting from an element of the conductor dl is given by

dH . = ‘d—H‘sinﬂ.



Fig I11.3

The following relations hold: » =V R> +z*, sin = R

r

Since di L 7 formula III.1 reduces to

1 2R .
H = fsmﬂdz.

- 2
* 4rx r
0

We enter these formulae and then evaluate the integral above:

($11) r:sgrt(R"2+4z"2)% beta:asin(R/r)S% assume (R>0)5
($14) Hz(z):=I/(4%%pi) *integrate(l/r"*2%sin(beta),1,0,2%%pi*R};

T ZuRl
($04) Hz[z]:=z——J -—Esin(B)dl

II a r

(%$15) hz:Hz(z):
T Rr?

($05) 3/2
2 (RZ+z%)

At the centre of the circular conductor (z = 0) we get:

($1i6) limitt(hz,z,0):

T
(%o0B) —
2R




III.4 A current / flows through a piece of arc shaped wire described by the following parameters:
radius of curvature R and angle ¢, (see Fig. 1I1.4). Find the magnetic field strength along a
line perpendicular to the plane of the arc and passing through the centre of curvature.

Solution:

The elementary contribution to the magnetic field vector at 7, originating from the element of current

1dl

is given by the law of Biot-Savart

ﬁ:leljr.
ar r

According to Fig. I11.4 the vectors dland 7 are mutually perpendicular, which allows us to simplify

the formula above:

dH=4L1—CZ”, where dl =Rdp,r =\ R* + h’.
Tr

=l
V<

Fig I11.4

The z-component of dH is
dH_ =dH cosa.

The projection of dH onto the xy-plane is equal to dH sina and its x-component is given by
dH _ =dH sinacos .

In the system of coordinates defined (Fig. I1.4) dH, = 0, due to symmetry. The resultant field vector

H is obtained as result of the following integration.

P P
H=H 2jde,0,2jde .
0 0

Now we can enter the expressions given above in Maxima:



Expression %05 shows the resulting field vector.

(¥1i1) assume (R>»0,h>0,phi0>0)5%
(¥1i2) r:sgrt(R"2+h"2)5% alpha:acos(R/r)5

(%14) H(h,phi0) :=2*%I/(4*%pli) *integrate (radcan/|
[sin {(alpha) *cos (phi} /r*2*R,0,cos (alpha) /r*2*R] ) ,phi,0,phi0/2) ;

phil
27T z Ir‘ =in{a) cos(g) cos (o) \i
(%$24) H(h, phiQ):=—— radcanl [———— R, 0,——R] |dp
4o o ! e e J
(¥1i5) H{(h,phi0):;
(prio
hsin.lp : )IR . 5
. 2 phi0 I R?

05 )
(3e2) I arz " T 3/2

21 (R%+h?) 4o (R?+h?)

For the full circle (%06) and then for the centre of the circle (%07) we receive:

(%i6) H(h,2¥%%pi);

T R?
(%c6) [0,0,———]

2 5 3/2
2 (R +hR")
(%17) subst (h=0,%06) ;

I
(%07) [0,0,—]
2R

DERIVE and TI-NspireCAS are doing pretty similar. We don't need the assumptions.
TI-Nspire doesn't distinguish between lower and upper case, so we use Ir for R, etc.

Y N - o - w
r=rro+h* dl=rr dp.a=cos'|— cOos
r .J.Fr2+rrz

.. dp-iim
— il di _—
L 4 {f?2+77'2]-n
2
dhiiz.=dhh cos(a):df:frx:=dk}: sin(a) cos(@]|}:>0 h-dp 1 ar cos(@]
E
2
4 [fr2+rr2) T
@0 Deone

[dhine 0 dhiz]

ih_(pe0) =2 dp
dp
0
k.ﬁf(}a,wﬁ] hedirr sin(ﬂ)
2 il p0
3 3
2 2
2-(}:2+W2] T 4 (}azﬂ'rz] T
wi_(0,2 7) P
00 .
Z
2
2 [&2+n’2}

For comparison, see the result of problem II1.3.




IIL.5 We are given a solenoid of length /, with N coils of radius R. A current / flows through the
coils of the solenoid. Find the formula describing the magnetic field induced along the axis of
the solenoid. Find an expression for the magnitude of this field in the centre and at the ends of
this axis. Calculate the magnetic field induced in these points for the following data:

I=44, N=1000,1=0.5m, R =3-10"m.

The susceptibility of free space is y, =47 -107 Zgzsnj =47-107 %

Solution:

In problem III.3 we calculated the strength of the magnetic field along the axis of a circular conductor
with an electric current flowing inside. Applying this result (%05), in accordance with the notation
used in Fig. IIL5 ...

T
L

X—-Jt—— I
0 B A
| .  _
2R e = =y =
| (1] I |
0000000000d0000000000d I
[ | |
| PN E—
I |
= L !
Fig. 1115

... the strength of the magnetic field induced by an element of length dx of the solenoid in a point
along the axis, which is in a distance x from this element, is given by the formula

IR
/JO—Z n dx’
2(R2 +x° )g

dB =

where n = N denotes the number of coils on the solenoid per unit length. Thus, the strength of the

field along the axis of the solenoid in a distance a from its centre is given by the integral expression

—+a

2
B(a)= LRzndx.

2(R2 +x2)5

——+a
2

Now we are ready for performing the calculations:

($11) assume (1>0,R>0)5
B(a):=%mu[0]*I*R"2*n/2*integrate(l/ (R"2+x"2)"(3/2),x,-1/2+a,1/2+3);

p, TR n 2 )
(%02) B{a]:=7 —de




We calculate the strength in the centre of the solenoid (a = 0, gives %04 left), at the end of it (a =1/2,
gives %04 right) and for a solenoid of infinite length (result in %05):

(%13) [B(Q),B(1/2)]1:

p, 1nIR*~JaR?+1% 4 1n1R*ARP+17
(303) [ — —
a4 R+ 12 R? 2 (rR*+ 1% R%)

($14) ratsimp (%) ;

poInT  p IlnT~RP+17
r ) )
Aar?+1° 2R%+21°

(%$15) limit(B(a),l,inf);
(%05) pgn I

(%cd) [ |

Now we will carry out the numerical calculations: we calculate the magnetic induction of the induced
magnetic field for the given data:

($16) $mu[0]:4*%$pi*10"(-7) *kg*m/ (A"2*%s5"~2) 5
I:4*%A5 n:2000/mS R:3*10"{(-2)*mS 1:1/2*mS
kg:R*T*s"25
assume (m>0) 5
(%112} float ([B(0),B(1/2)1);
0.009581486661471918 kg 0.00501752431486384 kg]

(%0l13) r
2 2
57 A s A

(2114) ev(%0l3);
(%0l14) [0.005981486661471%18 7, 0.00501752481486884 T]

The magnetic induction is expressed automatically in Tesla (symbol T).

We try TI-NspireCAS making use of the built-in physical constants (e.g. _u0):

A bb{O],bb(i]} I'nii u0 , I'n ii-uo
2 2 2 2, 2
' j! 4w z-j; +rr
lim (bb(a]} n i u0
I—)DO
4x10 N 2 2000 2000.- ——
pO:=————=—ji:=4- _A:I:=0.5- _m:»=3-10 ~ _m:n:= "
A2 m _

{bb(o],bb(é]

{0.009981- _7,0.005018 _T}

HO=_10 0.000001 =~
2
A
Ibb(ﬁ] bb(l ] {0.009981- _7,0.005018 _T}
2

11




It is remarkable that the result is given in Teslal
What about DERIVE?

-7

2000 -2 4.+10 kg'm

I:= 4.A, N:= , 1=0.5m, R:=3.10 «m, p0 = ———
m 2 2

m € Real (0, =)

J634.7. kg 2+./2509.m kg
B(OD, B

2
F925+A.5 62725A:s

-

2
SOLUTIONS[T = . kg]] = A:T.s
2
\ As

1

1 2
SUBST[[B{U}, B[———]], kg, A:T:s ] = [0.009981486661.T, 0.005017524814.T]
2

There are also a lot of physical constants and units provided in utility files, but neither the
susceptibility nor Tesla. So we have to work like with Maxima — one exception: it is not
necessary to explicitly force cancelling R? (%i4 in Maxima).

IILI. 6 A conductor of length / is formed to a regular polygon with n sides. A current / flows in it.
Calculate the magnetic field strength at the centre of the polygon.

Solution:

The resultant magnetic strength is the sum of the fields generated by the individual sides of the
polygon.

Fig. I1L.6

Since the magnetic field generated by each side of the polygon is the same at the centre of the
polygon, the superposition is simply

H(n)=nH,(n)

12



where Hy(n) is the field strength generated by one side in the centre of the polygon. In problem
III.1 we evaluated the expression describing the strength of a magnetic field generated by a straight
wire conducting current /. Using this result we have

nl cosa,
H(n) :E A

b

here, however, the respective angle and distance are (see Fig. I11.6):

2z
il

a, = 2” and hzitanan.

! 2n

(%311) alphaln]: (%¥pi-2%%pi/n) /25
hin]:1/(2*n) *tan (alpha[n])}s
Ho[n] :I/(2*%pi*h[n]) *cos(alphalnl);
( 2m)
| 1-' __l

n
cosi = J n’TT
Y “

([ 2m)

1_'__l

(%03)

n

ml tarq — J
L% £

(%¥14) H[n]:n*trigsimp(Ho[n]);

f - 2
On-—< I
I
N

Z2n

(np-2n
mlsi —
. 2n

($15) limit(H[n],n,infinity);

.

n< cos

(Bo04)

(305) 2=
1

The field strength is given in %o04. The next expression shows the limit for n — oo, which leads to
the field strength appearing in the centre of a circular conductor with circumference /. You may
compare with the result of problem III.3.

2em
]T -_—
DERIVE and TI-NspireCAS are #1: n 1
. .. . . oaln) = , h o= TANCe(n))
behaving similar. It is a question of 2 2.n
taste whether you prefer Maxima's -
%04 or the DERIVE expression #3 #2:  H(n) = - C0S(a(n))
for H(n). 2em-h
2 m 2
I-n -SIN[—]
n
#3: H(n) =
m
n-Lcos[—]
n
m. I
#4: Tim H(n) =
N
]

13




III. 7 A hollow portion of a sphere of radius R is electrically charged. The portion of the sphere
is symmetrical with respect to the x-axis and the line from the centre of the sphere to the
edge of the portion makes a maximal angle of o, With the x-axis (see Fig. II1.7). The
surface density of the charge is constant and equal to o. The sphere rotates with a constant
angular velocity of @ about its axis of symmetry. Calculate the magnetic field strength
generated in some point lying within the sphere along this axis of symmetry.

Solution:

We consider a circular element of area dS =2zrRda . The charge on this element amounts to
dQ=codS.

~
Ve
Vi 11
/ /
/ /
| o/ U
yal’ £ -
| Lx 1 H \
\ 2 [ W
\
\ h (]
\ /

Fig. IIL.7

This circular element can be treated as a circular conductor with a current d/ flowing through.

dlzd—de—Qa).
T 2z

We use the solution of problem III.3.The strength of a magnetic field generated by a circular
conductor of radius R with a current / flowing along the axis of symmetry in a distance z from the
centre of the ring is given by

2
- IR

E—
2R +2)
The field strength generated by the rotating ring is given by

2
-1
21

b

where

r=Rsina, h=Rcosa, [ =r’ +(h-x)".

First we enter the relations given above. Then we perform the integration over the range of values
taken by the angle o (0 < a < am = alphamax)

(¥1i1l) r:R*sin(alpha)$ h:R*cos({alpha)$ l:sgrt({r*2+(h-x)"2)5
ds:2*%pi*r*R*dalpha$ dQ:sigma*ds$ dI:dQ/T$ T:2*%pi/omegas
dH:1/2%d1*r"2/1"35 f:1/dalpha*dHS
assume (E>0) 5

14




(%¥i11)

{(%o0ll)

(%1i12)

(3012)

(%113)

(2014)

f:ev(f, T=2*%pi/omega) ;

sin.v[oc)3 G GR4

-

- . . 3/2
2L{ccs{a}R—x}‘+sin{u}‘R‘)

H(am) :=integrate (trigsimp (f) ,alpha, 0, am) ;

2m
H(am]:=J1 trigsimp(f)do
0

assume (am>0) 5
H{am) ;

mth&

' 2R*-2cos(am) x R¥+(1-cos(am)®) x* R -2 cos(am) x” R+2 x

4

4 4

R —3R3—33R+x

1

\,

6 x° R3-JR2—2 cos(am) x R+x°

3x B R?-2 x R+ x

Next expressions are preparations for plotting for special alphamax-values (R =4, o= w=1):

(%117}

(%0l7)

(%115)

fl:subst ([R=4,omega=1,sigma=1],H (%pi) )}

(w%saxrcaxi256 x'-4x°—gax+256)
256! t

|\‘192 x3alx?+ax+16 192 x74]x? -8 x+16J

fl:subst ([R=4,omega=1l,sigma=1],H(%$pi/3)):

256'834—1633+4832—256x+2048 w4 x?—ga x+256 |

|l‘ 1536 x ~lx° -4 x+16 192 x ~Jx? -8 :-:+]_6J

f2:subst ([E=4,omega=1,sigma=1] ,H(2*%pi/3));

256' Bxt+16x3+48 x2+256 x+2048 x -4 x°—64 x+256 |

1536 x +/x%+4 x+16 192 x7~)x? -8 x+]_6J

plot2d([f0,£1,£21, [=,-4,41,[v,0,4]1, [legend, "pi™, "pi/3", "2pi/3"]1);

This is the graphic representation:

2pif3

pi ——
pif3 ——

2.5
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For the whole sphere - o = 7 - we get:

| (%119) H(%pi):

[ R4+xR3+J-:3R+x4 R4—xR3—xSR+x4 W

|\53 PRI RPr2 xr+x? 3x RINR'-2x R+x2J

(23019) wo RY

In order to show that field strength within the sphere does not depend on the position of a point we
calculate

'{512:} radcan (H(%$pi));

2woR
(%020)

It can be seen from %020 that the magnetic field strength remains constant within the sphere. This can
be concluded by inspecting the graphic representation, too (blue function graph).

Let me present the functions with DERIVE and the TI-NspireCAS graphs below:

3 4 3 2
4.(64 — x ).S5IGN(x - 4) 4.(x - 2:x + B:x — 32.x + 256)
+
3 32
3.x 3ox oJix - 4ex + 16)
3 4 3 2
4.(64 — x ).5IGN(x - 4) 4.(x + 2:x + B:x + 32.x + 256)
+
3 32
3% 3ox Jix o+ 4ex + 16)
3 3
4.(64 — x )-5IGN(x - 4) 4.(x + 64).SIGN(x + 4)
+
3 3
3.x 3.x

3

, 2.
f3(.\')={hh(i), “4<x<

£1(x)={hh(n), -4<x<4

’/:

.

— | f2(x)={hh(§),-4<x<4

1
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III. 8 A conductor is fixed at the points A and B (Fig.II1.8) in a rectangular frame with sides of
length a and b. The frame lies in a uniform magnetic field B, which is perpendicular to the
plane of the frame and which increases linearly with time (B = k ¢.) . The resistance of a
unit length of the conductor is ». Calculate the current induced in the conductor and the
electrical potential difference between the points A and B.

Solution:

In the circuits ABD, ABC (Fig.I1L.8)

Fig. I1L. 8

the electromotive forces induced are given by

E =——' and E, __9;
dt dt

where @, @, denote the fluxes of the vector of magnetic induction through planes ABD and ABC,
respectively. These can be written in the form
®, = BS|, O, =BS,,
where the surface areas S), S, of the circuits are given by
Si=a(b-c),S=ac.
We remember the Kirchhoff laws and we turn to our CAS tool:

(This problem was treated by using the latest wxMaxima-version 15.08.1 which provides among
other improvements Greek characters and mathematical symbols.)

(%17) B:k*t: &[1l]:B*sS[1l]15 <#[2]:B*S[2]5%
S[il]l:a*(b-c)s S[2]:a%cs
E[1]:-diff(2[1]1,t)5 E[Z]:-diff(e[2],t)5

(%110) egl:Il*r* (a+2*% (b—c) ) +I3*r*a=E[1]5
egZ:iI2%r* (a+2¥%c) —I3%r*a=E[2]5
eq3:I3=I1-I25

We calculate the currents by solving the above simultaneous equations

’(%ill) soln:solve([eql,eq2,eq3], [I1,12,1I3])[1]:
\2ac?+(a°-2ab)ec-2a° b)k l2ac®+(-2ab-a°) c-a° b)k
(z0ln) [T1=- — — y I2=-— — — s I3=—
(4 c°-4bec-4ab-3a")r (4 c°-d4bc-4ab-3a")r

(222 c-2°b) k

(4 c?—4beo-4ab-3a°)r
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It should be noticed that the direction of current /5 is in accordance with the direction indicated in

the figure if ¢ > g

Next we calculate the potential drop along the conductor AB:

(%i13) I3:rhs(soln[3])%
URE:I3%cwrs

($114) ev(UAB) ;

o2 a? c—azb) k
(F0l4) -

4 -:'2—4}30—4 ab—-3 a2

It can easily be seen that the potential drop UAB and consequently current /5 is equal zero for

c= % We have:

(3115) solve(2=0,c):

b
(Fol5) [C:E;C:D]

From the physical point of view, however, the only satisfactory solution is ¢ = g

III. 9 A thin conducting ring is placed in a uniform magnetic field, whose induction B fluctuates
according to the formula B = B cos(w t). The radius of the ring is 7, its resistance R, and

coefficient of self-inductance L. The induction vector B lies at an angle « to the plane of
the ring. Calculate the average moment of the forces acting upon the ring.

Solution:

The torque M acting upon a flat circuit placed in a uniform magnetic field of induction B, in which a
current / flows, is given by the formula

M =1S(iixB),

where 7 denotes a unit vector perpendicular to the plane S containing the conducting circuit.

—
n

|
wy

Fig.I11.9

18




In accordance with Fig.IIL.9, the instantaneous value of the moment of force is given by

(T
M = IBS sm(a - 0{) = IBS cos(a)

From Ohm’s law the current flowing in the circuit is directly proportional to the electromotive

force £
E=IR

The resultant electromotive force £ is equal to the sum of the electromotive forces induced as a
result of the changes in the flux of the induction of the external magnetic field and the

electromotive force of self-induction
D [
g=_90_,d

Using the notation used in Fig.IIL.7, the flux of the magnetic induction vector through the plane of

the ring is given by

d):BScos(%—aj:BSsina, where S =77’

We start entering the given relations:

.(%iéj E(t) :=Bo¥*cos(a*t) s &(t):=B(t)*S*sin(c) >
S:%pi*r™Zs:  E(t):=I(t)*RS

The differential equation resulting from Ohm's law has the form:

-(%iEJ de:E(t)=—diff(&(t),t)-L¥diff (I (t),t);

- |
(de) I(t) R=n0 Bo r° sinla) @ sin(t m]l—l 1= I{t)] L

In order to find current I(¢) we use the procedure desolve for solving the differential equation:

(%17) assume (R>0,w>0,L>0) 5
gsoln:desolve(de,I(t)):
I Bo rstin(a)wsin(tw) o Bo rstin(a]w2 cos(t @)

(gsoln) I(t)= - +
12 0% +R? 12 ¢?+R?

tR

_Ir‘rJ . \\I
se * ((nBor?12sin(a)+1(0) 1?) 0?+1(0) L R2)

L (22 w2 +R%)

(%i8)  I(t):=expand(rhs(gsoln))s
($19)  I(t):
nBorstin(a]wsin(tw) nBorELsin(a’)w2cos(tw) HBor2L25in(a)w2
(%09) - + +
12 o2+ Rr? 12 92 +Rr? 2 i
12%e L w2+ R%3e L
1(0) 52 2 I(0) L R?
tR tR + tR tR

%%e T w?+1R%?2e ¥ 1%%e ® @+ R%%e ©




Right hand side of the solution (%09) describes how the current varies in time. It can easily be seen
that three terms of the sum tend to zero when time tends to infinity:

.(%i'_Cl) limit ([third(I(t}),fourth(I(t)},fifth(I(t))],t,inf);
(%010) [0,0,0]

We are interested in the remaining terms describing the steady state of the system:

.(%i'_'_) IT(t):=first(I(t))+second(I(t))s
(%$112) IT(t) -
nBor’Rein(a)wsin(tw) nBor’Llsin(a)w’ cos(tw)
(5012) — - - — -
¢ @’ +R? ¢ w?+R?

In the next step we enter the moment of the force M(¢) and then proceed finding the requested average
moment of the force Mav.

-(%i'_Sj M(t):=II(t)*3*B(t)*sin($pi/2-a}s
(3i15) T:2%%pi/eS
Mav:factor (1/T*integrate (M(t),t,0,T));

o< Bo“ rtr cos(o) sin(e) @
(Mawv) -

2 (L? w?+R?)

The screen shot below shows how to solve the problem with TI-NspireCAS.

ee:=m ii[l] ff(f]' a7

bb0o- sin{fx]- w T Sin{w- t]- rg—i[ii{t]]- H=ii{t]- i bbo- Sin{fx]- W T sin{w- t]- rg—di;[ii{t]]- II=ii{t]- m

deSolve[bbﬂ- Sin(fx]- w- T Sin(m- I]- r2 —jj'- l1=jj- rr,IJj]

i
;j=r2- bbO- rr sin(fx)- W T Sin(a;- 1] _bb0-1I- sin a]- wz- bl cos(ar l] b= /]
2 2 2 2 2 2

- o +m - w +mw

| , et Done
2 | bbo rr Sin{fx]- w7 sinw t] bbo- 11- Sin{a]- wg- - coslw- r] T
iile):=r"" - cle  |cI=0
2 2 2 2 2 2
o+ o+
mm:=ii(i)- ss- bb- sin| Z-a ‘bboz- Sin((x]- cos((x]- w- :'tz- r4- cos(ar i]- (H- w- cos(ar i]—rr- sin(ar i]}
2

2 2 2

I w +rr
it

1 2-7

A Z- | mm at|tt=—

It 0 w

‘bbﬁz - 11- sin(a)- cos(a)- wz : 112 : r4

2 Hz- fu2+?‘T2]
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III. 10 A uniform rod of length of length / and mass m is placed on two parallel, horizontal rails.
These rails are connected to a source of constant potential difference U and placed in a
constant magnetic field of strength B. This magnetic field is perpendicular to the plane

containing the rails. The coefficient between the rod and the rails equals .

a)  What is the velocity of the rod at time #?

b)  Assuming that the rails are infinitely long, calculate the maximum velocity of the
rod.

Solution:

x X X x x
Fy Fu
4—L » X X X X—
x X X X — X
B
dx |
Fig. IIT 10

The motion of the rod is determined by a force F which is the resultant of two forces: the electro-

magnetic force E and the force of friction Ff
F=F,—F, where F,=BIl and F, =uG=umg.
Motion of the rod causes a change in the flux of the magnetic field ® and an electromotive force is

induced

E=—dd—?, where @ =B S =B/ x(1).

The current flowing in the circuit is given according to Ohm's law by

1:U+E.
R
Now we can enter all above given relations
'(%17) @ (t):=B*¥1*x(t)s E(t):=—diff(e(t),t)s

I(L):=(U+E(t)} /RS Fl[el]l(t):=B*I(t)*15
F[fl:p*G: G:m*g: F(t):=Fl[el]l(t)-F[f]l5

and we apply Newton's 2™ law (Force = Mass times Acceleration):

-(%iﬂj eq:m*diff(x(t),t,2)=F(t);
: S ] e
( a2 \ \ L dt (%)

(eq) m - Xt} |= -G u
{hdt‘ J R

Two ways of calculating the requested velocity of the rod i.e. the unknown function x'(¢) are presented
below.
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Method 1: We separate the variables in equation (eq) and integrate wrt ¢.

(319) eq/rhs (eq) ;

{ a2
m' — x(T)
L d e
(%09) . =1

"4
IBlU—ll——HiH s

—G.il
R

(2i10) integrate(%,t):

if - -
| 18l o-1| = x(0) |5
\ s
MRlogl -G
A%
(%010} - =t+ %cl
1B

Then we solve the resulting equation for x'(¢) ...

.(%ill) gsoln:solve (%,diff (zx(t),t));

12 8% sz 1% R

m R mR

i d GRu-1BU+R%e
(gsoln) [ — x(£)=- — 1
dt 1% g

... and extract the right hand side which represents the velocity.

.(%112) v(t) :=rhs (gsoln[l])5
(2i13) v (t):

1 £ B  &211° BT
m

GRu—1BU+R%e ® =R

($013)

12 g2

When time tends to infinite we get maximal velocity. This fact can formally be confirmed by

calculation of the limit of the velocity.

-(%114) solve (diff({v(t),t)=0,t);

(%014) [1

(3i16) assume (1>0,m>0,R>0) S
limit (v (t),t,inf) ;

Is B EZerc or nonzero?n;

GRu-1BU
(%o0l6) -
12 g2

I'd like to give an additional graphic confirmation by entering numerical data and then plotting the

velocity function:

(2i24) ©:55 R:205 1:0.035

B:15 U:25 1:105 m:15 %cl:05
($i25) ev(%0l6);
(3025) 0.17
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(2i26) ev(%0l3);
20%e 7 5-17.0
100
($i28) plot2d(-(20%%e~ (-5%*t)-17) /100, [t,0,2]);

(T026) -

(17-20% %he" (5¥t))/100

Method 2: We choose applying function ode2.

We enter equation (eq) from above directly and solve the differential equation.

(%i2) derm* (diff (v(t),t))=(1*B* (U-1*v(t) *B) ) /R—p*G;
" a I1B(U-1v(t) B)
(de) ml——-v{ﬂ = -G u
Ldt R
(313) gsoln:ode2 (de,v(t),t) 5
(3i4) v (t) :=rhs (gsoln) S
(%15 wvit) :
o - 3
1 tB° | 1
- ' 3e *® (GRu-1BU) |

($05) e BR | se- e J
(%i6)  limit(%05,t,inf);
Is 1 zeroc or NORNEerc?n;
Is m positive or negative?fp;
Is B =Zerc oF nonzerc?n;
Is R positive or negative?p;
GRu—-1BU

(%oE) - —
1< B*

It is charming to compare solving the ODE applying DERIVE and TI-NspireCAS as well.

In DERIVE we make use of built-in DSOLVE1(p,q,t,y,t0,v0) after rewriting the equation
in the form p(z,v) + g(¢,v)-v' = 0, v(t) = vo.
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#1: CaseMode = Sensitive

1-B-(U - 1.v-B)
v_(t) = | SOLUTIONS| DSOLVEL| - + peG, m, £, v, 0, 0|, v
R

#2:
1

2 2
-B .1 «t/(R-m)
e (G-Rep — B-U-T) B.U.T — G:Rep
#3: v (t)

1]
=+

2 2 2 2
B .1 B .1

#4: [R = Real (0, @), m < Real (0, =)]

Tim w_(t) =
#5: t-a

TI-NspireCAS makes entering the equation easier but here it is not possible to find the limit
for t tending to infinity. But we can see this by inspecting the exponential expression, of
coursel

___________________________________________________|

deSolve|m- v'= e (rm—f' A bb] - ggt,v ‘12- be_ t
" - -
v=Cc3 e M™MM I bb uu—gg vru
2.2
I”-bb
I . . —T 4 I DO
v_(t):=right deSolve|m- v'—l bb (rm Iy bb) - gg and 1'(0)=0,t,v] ne
i
v - pb2 1
I-bb uu—gg-mpu (I' bb- uu-gg- v y]- e e
2 .2 o
I” bb~ I”-bb
lim [v_{t}] undef
t—b oo
lim [v_(f]]|rr>0 and m=>0 undef
1—b oo
|

Problem III.11 is similar.
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III. 11 Two long vertical rails are closed at the upper end by a resistance R. A conductor of mass
m and length / falls without friction along the rails. The whole system is placed in a

uniform magnetic field of induction B perpendicular to the plane of the system.

Calculate the velocity of the falling conductor as a function of time.

Solution:

The system of the rails and the conductor creates an electric circuit.

The fall of the conductor causes an electromotive force
Ee —Z—(f with (®(¢) = B-I-x(0)).

The current flowing in the circuit of resistance R is given by
E

I=—.
R

Within the magnetic field, an electro-dynamic force F,; and a gravitational force m g act upon the

conductor with the current flowing in it. Vector B is perpendicular to the conductor. Thus the electro-

dynamic force is given by (see Fig. II1I.11)
F,=B-1-1.

X b 4 X b4
L |
dx L
v mg
Fig. 111 11
(2i4) &(t) :=B*1%*x(t)S E(t):=—diff(e(t),t)s

I(t):=E(t)/R5 Flel] (t):=B*I(t)*1:

The electro-dynamic force counteracts the changes in the magnetic flux, thus it is directed
vertically upwards. Hence, we obtain the equation for the dynamics of the system:

-(%iEJ eq:m¥*diff (v (t),t)=m*g+F[el] (t);
12: 2 t) | B2
l" d L dt (e
(=) —_— t)|= -
(eq) mkd?’: wt) g m =
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Substituting x'(f) by v(f), we obtain the differential equation (%06) which can be successfully
solved:

(216) eq,diff (x(t),t)=v(t):

! 1% () B?
(506) ml;;viﬂ =gm-——

R
.(%iT) soln: (odeZ (%5,vit),t) )5
($18) v{t) :=rhs(soln} 5
(£19) vit);
s zf 1% 5 B° )
1% £ B* | |
- gmR% mBR ]
(309) e "R 4 I ise
12 57 )

In the last step the velocity for sufficiently large ¢ is evaluated:

($111) assume (1>0,m>0,R>0) S
limit{v{(t),t,inf);
Is B =zZero or nonzero?fn;

gmR
(%011)

-

12 B2

Exercise: Expression %06 "invites" to separate the variables and then to solve the ODE. You
might try to do this manually without technology support.
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