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TheThe ((mathematicalmathematical) crime ) crime 
Picture 1Picture 1

A mathematics teacher in his class in full confidence in the A mathematics teacher in his class in full confidence in the 
computer plots the chart ofcomputer plots the chart of ::

HereHere isis whatwhat hehe obtainsobtains : : 
x xπ



Picture 2 : Picture 2 : 
thethe goodgood newsnews

This is a curse related to This is a curse related to ππ numbernumber??
New test with this time:New test with this time:

Our teacher regains confidenceOur teacher regains confidence

2x x



Picture 3 : Picture 3 : 
New questionNew question

It was thus It was thus ππ …… The teacher, reassured, can continue his The teacher, reassured, can continue his 
lesson.lesson.
But, at the back of the classroom, a student, curious and But, at the back of the classroom, a student, curious and 
dissatisfied, tests another function: dissatisfied, tests another function: 

7x x



Picture 4Picture 4
AnotherAnother class, class, othersothers studentsstudents

The same year, at the same The same year, at the same 
time, in another class, two time, in another class, two 
students plot the functionstudents plot the function

But they did not choose But they did not choose 
the same "Zoom".the same "Zoom".
In In thethe top top graphgraph : Standard: Standard
In In thethe bottombottom graphgraph: : 
DecimalDecimal

xx x



TheThe beginningbeginning ofof thethe investigationinvestigation

EmbarrassedEmbarrassed, , thethe teacherteacher callscalls for help for help fromfrom an an 
investigator in computer "bugs". investigator in computer "bugs". 
The two students  also make  contact  with  this The two students  also make  contact  with  this 
"specialist""specialist"……
He  rejects the idea of  a "bug", or a programming He  rejects the idea of  a "bug", or a programming 
error. error. 
Our man directs himself immediately towards the Our man directs himself immediately towards the 
search for a mathematical reasonsearch for a mathematical reason…… YesYes, but , but 
whichwhich oneone??????



CalculativeCalculative investigationinvestigation

Some small things should Some small things should 
initially be checked initially be checked 
andand alreadyalready somesome surprises surprises 

AndAnd eveneven more surprises more surprises 



FirstFirst conclusionsconclusions

The calculator observes rules of The calculator observes rules of 
purely algebraic transformation purely algebraic transformation 
when real powers are used for when real powers are used for 
which there can be a doubt about which there can be a doubt about 
the nature of the result. the nature of the result. 
ItIt doesdoes notnot examine if examine if thethe writingwriting
isis correct.correct.



We see here a little more clearlyWe see here a little more clearly
The application of the square The application of the square 
forces the evaluation: whereas forces the evaluation: whereas 
the calculator knows the the calculator knows the 
result is not a real number.result is not a real number.

Moreover, in complex format: Moreover, in complex format: 
rectangular,  we obtainrectangular,  we obtain



A clueA clue
The passage in approximate mode The passage in approximate mode 
highlighted a problematic highlighted a problematic 
situation:situation:
However if we take the complex However if we take the complex 
format: rectangular, we find:format: rectangular, we find:

It seems well that the calculator It seems well that the calculator 
"knows" that the number ("knows" that the number (--1)1)√√77 is a is a 
complex number, but in complex number, but in 
approximate mode, it regards it as approximate mode, it regards it as 
a real numbera real number



Let us go further in our researchLet us go further in our research
We met an aberrant arc for We met an aberrant arc for xxππ. . 
We must  thus  have an  We must  thus  have an  
identical situation to that of identical situation to that of 
xx√√77. Which . Which isis truetrue..

This observation allowsThis observation allows
forecasts. forecasts. 
Let us examine the two Let us examine the two 
examples oppositeexamples opposite: : 



A A smallsmall verificationverification
On the basis of our first On the basis of our first 
result, we can think that  result, we can think that  

will be represented correctly,  will be represented correctly,  
but that but that 

will be represented like an will be represented like an 
even function. even function. 
WhichWhich isis truetrue……

3x x

5x x



Now let’s return to Now let’s return to xxππ
In approximate mode,  In approximate mode,  ππ is is 
replaced by a decimal number, replaced by a decimal number, 
√√2 also.2 also.
We must  thus  ask  ourselves  We must  thus  ask  ourselves  
what a power  with  a decimal what a power  with  a decimal 
exponent corresponds to:exponent corresponds to:
the calculator "answers" by an the calculator "answers" by an 
equality for any x which shows equality for any x which shows 
that the representation in  that the representation in  
memory of a power with a memory of a power with a 
decimal exponent is a power decimal exponent is a power 
with  a rational exponent.with  a rational exponent.



WeWe are are advancingadvancing……

To plot a curve, the calculator works in To plot a curve, the calculator works in 
approximate mode, therefore for xapproximate mode, therefore for xππ,  ,  ππ is is 
replaced by a decimal number. replaced by a decimal number. 
But to calculate the power, this decimal number But to calculate the power, this decimal number 
is replaced by a fraction of integers, which we is replaced by a fraction of integers, which we 
can suppose is irreduciblecan suppose is irreducible……
It remains to examine the powers whose It remains to examine the powers whose 
exponent is rational.exponent is rational.



TakeTake a a glanceglance atat thisthis : x : x p/qp/q

If p and q are two positive integers such as If p and q are two positive integers such as 
GCD(pGCD(p, q) = 1, we have  three cases, q) = 1, we have  three cases : : 
1.1. p p andand q are q are oddodd
2.2. p p isis eveneven, q , q isis oddodd
3.3. p p isis oddodd, q , q isis eveneven..
WeWe cancan alwaysalways writewrite : : xxpp/q/q = = ((xxpp))1/1/qq

If q If q isis oddodd, , x x →→ xxqq isis a bijection a bijection overover IR, IR, andand
thusthus aa1/1/qq existsexists in IR for in IR for everyevery realreal numbernumber a.a.



Small Small assessmentassessment on on thethe
investigationinvestigation

We can  thus think that the calculator replaces  We can  thus think that the calculator replaces  ππ
or  or  √√5 by a rational number whose denominator 5 by a rational number whose denominator 
is odd, and replaces  is odd, and replaces  √√2 or  2 or  √√3 by a rational 3 by a rational 
number whose denominator is even. number whose denominator is even. 
WeWe have have reallyreally advancedadvanced……



And, now,  in search of the rational And, now,  in search of the rational 
numbernumber

Let us examine the case of xLet us examine the case of xππ. . 
Initially we can think that  Initially we can think that  ππ
is replaced by is replaced by 

However, that does not work: However, that does not work: 
while simplifying, we obtain while simplifying, we obtain 
an irreducible fraction with an an irreducible fraction with an 
even denominator even denominator 

13

31415926535898
10



An An ideaidea… … 
If our assumptions are right, to If our assumptions are right, to 
carry out the calculation of (carry out the calculation of (--2)2)ππ
in approximate mode, the in approximate mode, the 
calculator will go to a rational calculator will go to a rational 
form.form.
It is good. And now, let us use It is good. And now, let us use 
formal calculation. formal calculation. 
Here is the rational approximation Here is the rational approximation 
used by the calculator for  used by the calculator for  ππ ..

5419351
1725033

π ≈



How and why does the calculator use this rational How and why does the calculator use this rational 
expression as approximate value of  expression as approximate value of  ππ??

To approach a real number by a rational number, it is a To approach a real number by a rational number, it is a 
known problem of which a method of resolution isknown problem of which a method of resolution is

TheThe continuedcontinued fractionsfractions

5419351
1725033

π ≈



ContinuedContinued fractions (1)fractions (1)

3,141592653598 = 3,141592653598 = 
3 +  0,141592653598 = 3 +  0,141592653598 = 

WhichWhich givesgives : : 
3,141592653598 3,141592653598 ≈≈

WeWe thusthus have have 3,141592653598 3,141592653598 ≈≈

1
3

1
0,141592653598

+

13 1
0,141592653598

+

13
7,0625133059307

+

1 223
7 7
 + = 
 



ContinuedContinued fractions fractions (2)(2)
Second Second episodeepisode ::
3,1415926535983,141592653598 13 17 1

0,0625133059307

≈ +
+

13 17
15,99594406774

≈ +
+

1 3333 1 1067
15

≈ + =
+



ContinuedContinued fractions fractions (3)(3)
WeWe cancan writewrite

withwith

If If wewe namename thethe successive successive continuedcontinued

fractions, fractions, wewe have have herehere : : 

1

2
3

1
1

0,9959...

q
q

q

π ≈ +
+

+
1 2 33, 7, 15...q q q= = =

1 2

1 2

, ,..., n

n

aa a
b b b

1 1 2 2 3 33, 1, 22, 7, 333, 106a b a b a b= = = = = =



ContinuedContinued fractions fractions (4)(4)
If If wewe writewrite x = x = ππ, , andand

We can  show recursively  thatWe can  show recursively  that

withwith aa0 0 = 1 = 1 andand bb00 = 0= 0

1 1 1
1 with ipart( )n n
n

e q e x x
e+ += − = −

1

1 1 1

1 1 1

1ipartn
n

n n n n

n n n n

q
e

a q a a
b q b b

+

+ + −

+ + −

 
=  

 
= × +

= × +



ContinuedContinued fractions fractions (5)(5)

We translate these results We translate these results 
by a program on the by a program on the 
calculator which returns a calculator which returns a 
list of fractions list of fractions 
approaching a approaching a 
number (number (nbnb) with ) with 
a given precision a given precision 
(pres)(pres)



Uses Uses ofof thethe programprogram

WeWe have for have for exampleexample

But But alsoalso withwith more more precisionprecision ::

We find again the rational We find again the rational 
number used by the number used by the 
calculator.calculator.



verificationverification ofof thethe hypothesishypothesis
TheThe case case ofof √√5 5 isis takentaken
againagain..
WeWe have  :have  :

WeWe alsoalso have : have : 

TheThe resultresult isis convincingconvincing



AndAnd withwith thethe rootroot ofof 22
ThereThere are are nono anomalies in anomalies in 
thethe curvecurve ofof ff((xx) = x) = x√√22..
SoSo thisthis willwill notnot givegive us us anyany
information;information;

LetLet’’s s trytry thethe programprogram ::
TheThe lastlast fraction fraction obtainedobtained hashas
an an eveneven denominatordenominator ……
whichwhich isis whatwhat wewe expectedexpected



Let ‘s Let ‘s trytry withwith √√3 or 3 or √√77
Confirmation of our results Confirmation of our results 
are foundare found for for √√3 but3 but……

…… notnot for for √√7.7.
WhyWhy ??
We can suppose it is a We can suppose it is a 
problem of precision, our problem of precision, our 
program is using the program is using the 
approximate values of the approximate values of the 
calculatorcalculator……



More More precisionprecision, , pleaseplease

The calculator has reached its limits.The calculator has reached its limits.
It is necessary to push the research to It is necessary to push the research to 
software in which we can choose the software in which we can choose the 
precision. Let us take Deriveprecision. Let us take Derive……
We write  the same program  with  two small We write  the same program  with  two small 
alternatives : alternatives : 
APPEND instead of AUGMENT and APPEND instead of AUGMENT and 
LOOP instead of WHILE LOOP instead of WHILE 



WithWith DeriveDerive
PROG(PROG(

a0:=1a0:=1,,a1:=FLOORa1:=FLOOR((nbnb),),b0:=0b0:=0,,b1:=1b1:=1,,e:=nbe:=nb -- a1,a1,d:=1,d:=1,
ls:=[ls:=[a1],a1],

LOOP(LOOP(
IF(d < IF(d < prespres, RETURN , RETURN lsls),),
q:=FLOORq:=FLOOR(1/e),(1/e),e:=1e:=1/e /e -- q,q,a:=qa:=q∗∗a1a1 + a0,+ a0,b:=q b:=q ∗∗ b1b1 + b0,+ b0,
d:=ABSd:=ABS((nbnb -- a/b),a/b),ls:=APPENDls:=APPEND((lsls, [a/b]),, [a/b]),
a0:=a1a0:=a1,,b0:=b1b0:=b1,,a1:=aa1:=a,,b1:=bb1:=b)   )   
))



A A surprisingsurprising resultresult

This number missing from our list on the calculatorThis number missing from our list on the calculator……
We can check that it is the only one.We can check that it is the only one.



An An interpretationinterpretation … to … to followfollow……

We can think the reason for this "incident" is a We can think the reason for this "incident" is a 
particular situation of one of the numbers  particular situation of one of the numbers  qqnn, , 
combined with the limited precision of the combined with the limited precision of the 
calculator calculator 
To be continuedTo be continued……
But a new enigma: why does the calculator But a new enigma: why does the calculator 
choose the one that is precisely missing, whereas choose the one that is precisely missing, whereas 
it is not the last number it is not the last number ……



Who’s Who’s followingfollowing whowho??
Derive will still give the solution: the sequence is alternatingDerive will still give the solution: the sequence is alternating
around its limit:  the minor term is here before the last and tharound its limit:  the minor term is here before the last and the e 
result is thus coherent. It is thus well for a problem of result is thus coherent. It is thus well for a problem of 
precision of calculation that the calculator stopped. precision of calculation that the calculator stopped. 



AndAnd in in thethe generalgeneral casecase
In the general case, the sequence of the In the general case, the sequence of the 
continued fractions has the same property. We continued fractions has the same property. We 
can easily see it in the first terms of the sequence can easily see it in the first terms of the sequence 
with the preceding conventions.with the preceding conventions. ThusThus ::

31 2
1 1 1

1 2 2 3
2

3

4
1

4
2

3
4

1 1, , 1

1
1

1

aa aq q q
b b q b q

q
a q
b q

q
q

= = + = +
+

= +
+

+



WeWe have have obviouslyobviously........

WeWe have                 . have                 . 

But But tootoo

WeWe alsoalso havehave

AndAnd soso onon……

1 2

1 2

a a
b b
≤

34
3 3

4 4 3

1 thus aaq q
q b b

≤ + ≤

3 2
2 2

3 3 2

1 thus a aq q
q b b

≤ + ≤



TheThe functionfunction exactexact
The calculator has a function The calculator has a function 
badly described by TI: the badly described by TI: the 
function EXACT. function EXACT. 
The results on the screen on The results on the screen on 
the right are saying something the right are saying something 
to us.  And if we go further: to us.  And if we go further: 
It seems the function EXACT It seems the function EXACT 
returns the best continued returns the best continued 
fraction which approaches a fraction which approaches a 
real number with a given real number with a given 
precision.precision.



And with the other values…And with the other values…
There are apparently  new There are apparently  new 
confirmations.confirmations.

We can test with a We can test with a 
completely new numbercompletely new number



AndAnd if if wewe lookedlooked atat xxxx

We could see that the curve of this function was very We could see that the curve of this function was very 
different according to the choice from the different according to the choice from the ““ZoomZoom””. . 
In the "decimal ZoomIn the "decimal Zoom””, it did not seem to have  a , it did not seem to have  a 
problem. In the "standard Zoom", parasitic points or problem. In the "standard Zoom", parasitic points or 
arcs appear. arcs appear. 

We are now able to understand the differences We are now able to understand the differences 
observed and to interpret them.observed and to interpret them.



xxxx withwith decimaldecimal ZoomZoom

In this case, the situation can appear easy. The values In this case, the situation can appear easy. The values 
of  of  x x are decimal numbers from the form are decimal numbers from the form kk*0,1 with *0,1 with k k 
integer number. integer number. ThusThus xxxx isis replacedreplaced by: by: 

If  If  k k is a negative number,  and if k is  an even is a negative number,  and if k is  an even 
number,  the fraction is simplified and  we will have a number,  the fraction is simplified and  we will have a 
problematic point. problematic point. If  If  k k isis oddodd,  ,  calculationcalculation cannotcannot bebe
donedone. . 

/10

10

kk 
 
 



xxxx andand thethe graphicgraphic resolutionresolution
Our conclusion Our conclusion resultsresults in in 
thinkingthinking thatthat thethe resolutionresolution
selectedselected on on thethe calculatorcalculator isis
importantimportant . . A A rapidrapid checkcheck isis
showingshowing thatthat thethe drawingdrawing
withoutwithout ""problemproblem" " waswas withwith
resolutionresolution 2. 2. 
But But withwith resolutionresolution 1, 1, therethere

are are parasiticparasitic points points whichwhich
correspond to correspond to thethe eveneven values values 
ofof kk. . 



xxxx withwith standard zoomstandard zoom
In In thisthis case, case, everythingeverything isis
more more complicatedcomplicated : : thethe
points points calculatedcalculated by by thethe
calculatorcalculator have a rational have a rational 
approximation by approximation by continuedcontinued
fraction fraction withwith an an eveneven
denominatordenominator or an or an oddodd
denominatordenominator andand thatthat done done 
much differencemuch difference ……
Let us look Let us look atat thesethese twotwo

cases. cases. 



TheThe twotwo selectedselected pointspoints

TheThe calculationscalculations seemseem to to 
confirmconfirm ourour assumptionsassumptions
in in bothboth cases. cases. 



But But nothingnothing isis easyeasy……

IndeedIndeed, , wewe couldcould have have mademade
a a worseworse choicechoice as as shownshown in in 
thethe followingfollowing exampleexample ::

thatthat goesgoes muchmuch worseworse..
A A denominatordenominator isis foundfound oddodd
whichwhich isis notnot coherentcoherent



WhatWhat isis thisthis point? point? 
TheThe screenscreen ofof thethe calculatorcalculator
containscontains 238 238 calculatedcalculated
pixels. pixels. 
In standard zoom, In standard zoom, thethe XX--
coordinatescoordinates are are betweenbetween --10 10 
andand 10. 10. 
WeWe cancan calculatecalculate "more "more 
preciselyprecisely" " thethe value value ofof xcxc. . WeWe
findfind a a differencedifference whichwhich shows shows 
thethe difficultydifficulty to to knowknow thethe
value value usedused by by thethe calculatorcalculator



Help Help fromfrom DeriveDerive
If by If by exampleexample thethe calculatorcalculator hashas ""choosedchoosed" " thethe
value  1.092436974789 for value  1.092436974789 for xcxc, , DeriveDerive givegive as as 
continuedcontinued fractions, fractions, thethe lastlast beingbeing smallestsmallest andand
more more preciseprecise thanthan thethe precedingpreceding oneone. . 
WhyWhy EXACT EXACT thisthis value value doesdoes notnot return ? return ? 
New question to New question to bebe continuedcontinued……



AndAnd if if wewe tooktook anotheranother calculatorcalculator……
Let us look Let us look atat whatwhat occursoccurs withwith
TiTi--84. 84. 
FirstFirst, , wewe plot plot thethe curvescurves ofof thethe
functionfunction x x →→ xxAA

withwith A = 67/103 A = 67/103 in in thethe top top screenscreen
andand A = 67/208 A = 67/208 in in thethe bottombottom

screenscreen..
The results are those until we The results are those until we 

waitwait ((oddodd or or eveneven denominatorsdenominators) ) 



TheThe troubles troubles startstart
If If wewe taketake nownow
A = 23457/12773A = 23457/12773
thethe curvecurve isis ""incompleteincomplete" " 

TITI--84 84 hashas "a "a smallsmall" " functionfunction
EXACT : EXACT : thethe instruction instruction 
FRACFRAC. . 
Let us look Let us look atat whatwhat itit givesgives
herehere. . 
ItIt doesdoes notnot modifymodify anythinganything



TheThe smallsmall differencedifference
A A smallsmall change in change in thethe
value value ofof A A andand thatthat worksworks
wellwell againagain: : 
AA = 23457/12775= 23457/12775

AndAnd for FRACfor FRAC……



BriefBrief conclusion forconclusion for TITI--8484
LikeLike Voyage 200, TIVoyage 200, TI--84 plots arc 84 plots arc 
for for thethe negativenegative XX--coordinatescoordinates
onlyonly if if itit bebe able to able to writewrite thethe
exponentexponent likelike a rational a rational numbernumber
withwith oddodd denominatordenominator,  ,  
WhatWhat avoidsavoids problemsproblems for  for  xxππ (top (top 
screenscreen) but ) but notnot for for xxxx withwith
decimaldecimal zoomzoom…… ((bottombottom screenscreen) ) 



AndAnd withwith DeriveDerive……

Derive has been an invaluable assistant, by the Derive has been an invaluable assistant, by the 
possibility that it offers to define the precision of the possibility that it offers to define the precision of the 
results.results.
But does it avoid the problems involved in the power But does it avoid the problems involved in the power 
functions?  functions?  
On the graphic point of view, we can think that it is On the graphic point of view, we can think that it is 
the case. The curves correspond so that the professors the case. The curves correspond so that the professors 
of mathematics wait, but in the field of calculation, we of mathematics wait, but in the field of calculation, we 
still meet some surprisesstill meet some surprises……



DeriveDerive andand thethe powerpower functionsfunctions (1)(1)

UntilUntil herehere, , everythingeverything isis OKOK..



TheThe problemsproblems arrivearrive

AndAnd herehere howhow doesdoes ((--2)2)ππ
becomebecome a positive a positive realreal
numbernumber? ? 
But, But, thethe surprises are surprises are notnot
finishedfinished: : 
ItIt cancan becomebecome aa
negativenegative realreal numbernumber
or to or to eveneven bebe againagain a a 
numbernumber complexcomplex
accordingaccording to  to  
selectedselected precisionprecision. . 



AndAnd itit isis notnot finishedfinished……
In exact mode, In exact mode, thethe calculatorcalculator
hadhad a "normal" a "normal" behaviorbehavior, but , but 
DeriveDerive isis more more surprisingsurprising. . 

WeWe must use must use thethe complexcomplex
numbersnumbers to to findfind somethingsomething
more more usualusual ..



AndAnd if if DeriveDerive workedworked likelike thethe
calculatorscalculators……

WeWe are in Exact mode are in Exact mode withwith an an accuracyaccuracy ofof 20 digits. 20 digits. 
TheThe obtainedobtained screensscreens are are speakingspeaking about about themselvesthemselves



WithWith a a precisionprecision ofof 1010--1818

ThereThere isis a a smallsmall problemproblem……



A A littlelittle furtherfurther

WeWe must go a must go a littlelittle furtherfurther to to findfind thethe approximation approximation 
rational. Question rational. Question ofof precisionprecision ??????



DeriveDerive more explicit more explicit thanthan thethe
calculatorcalculator

NowNow, , wewe understandunderstand whywhy wewe have have foundfound a a complexcomplex
numbernumber withwith an an accuracyaccuracy ofof 19, a positive 19, a positive realreal numbernumber
withwith an an accuracyaccuracy ofof 18 18 andand a a negativenegative realreal numbernumber withwith
an an accuracyaccuracy ofof 20. 20. 



ProvisionalProvisional endend……
HereHere isis «« thethe endend" " ofof thisthis mathematicalmathematical investigation, investigation, 
carriedcarried out out withwith thethe active collaboration active collaboration ofof studentsstudents, , 
investigation investigation whichwhich ledled everyoneeveryone to a to a betterbetter
comprehensioncomprehension ofof problematicproblematic situations met on a situations met on a 
calculatorcalculator or a computer. or a computer. But it also allowed and But it also allowed and 
especially to meet unexpected mathematical concepts.especially to meet unexpected mathematical concepts.
UltimatelyUltimately, , everyoneeveryone understoodunderstood thatthat confidence confidence thatthat
wewe must must makemake withwith an an calculationcalculation instrument must instrument must bebe
measuredmeasured. . But, and it is the most important point, now But, and it is the most important point, now 
students and teacher do not speak any more of the limits students and teacher do not speak any more of the limits 
supposed about these instruments. They understood that supposed about these instruments. They understood that 
these limits are those which imposes mathematics these limits are those which imposes mathematics 
itselfitself... . 
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