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ABSTRACT 

In this lecture we present a proposal for a basic course of Ordinary Differential Equations (ODE). In that 
proposal, using a Computer Algebra System (CAS), we try to show, in a general and integrated way, exact and 
approximate methods to solve ODE.  

The systematic utilization of all possibilities of CAS (the CAS used, like Maple, Mathematica, etc. is not 
important) allows a deep change in the contents and in the methodology to be used in the lectures regarding 
traditional teaching where two different ODE courses are proposed. The first one is devoted to exact resolution; it 
includes a wide number of methods to solve ODE, in an exact way. The second one deals with numerical methods. 

In our integrated course we include new contents which is not possible to handle with a traditional way of 
teaching. In order to enhance our thesis, we will propose several examples (including as annex documents) 
concerning numerical integration methods, Picard theorem, some deduction of algorithms, graphical capacities, 
qualitative theory, etc. 
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1. Introduction 
 Traditionally, regardless of the university degree being studied (engineering, 
mathematics, basic science, etc.) syllabus often contains two differentiated 
undergraduate courses on ordinary differential equations. 

The first one is a general course including the following topics: 

• Basic terminology. 

• Different methods for the exact integration of ODEs.  

• Modelling problems. 

These modelling problems are more intensely directed towards interest areas for 
students: the modelling of physical problems, mechanical problems, problems in 
electricity, control problems, etc. 

The methodology employed to impart such course also tends to be fairly 
traditional and the problems explored in the different fields are usually “black/white-
board” problems. Many university manuals follow this scheme. 

After taking one of such courses many students think that all ODEs have exact 
solution. It is very difficult for  them to understand that the number of ODEs in which 
closed form solution is possible is very small. 

The second one is a course dealing with numerical methods to integrate ODEs, 
clearly focused on the problems of the computation and programming of numerical 
methods. The practical lessons involve programming of different numerical methods in 
an appropriate language (like C) and use numerical program libraries for solving 
problems involving differential equations. 

The disparity of focuses and the methodology to be used is such that, in Spain, 
both subjects are usually assigned to different Departments. 

The advent of Computer Algebra Systems has in many cases failed to lead to 
any reflection as regards the organisation of the subjects or any important 
methodological changes in the teaching of ODE. 

 

2. Our Proposal  
Below we offer a proposal for the integration of both points of view in just one 

course including exact and numerical method for solving ODEs. The main goals of the 
course will be the following: 

• To know basic terminology. 

• To use a few exact methods to solve specific ODE, mainly linear ODE.  

• To interpret the information as much as possible only regarding the ODE 
(direction field, qualitative analysis, isocline lines, asymptotic behaviour, etc.). 

• To be able to implement some numerical methods and to interpret the obtained 
results. 

The use of the different capabilities of CASs available today allows this 
alternative teaching, currently in use in our respective Universities. 
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It is also pertinent to point out that the methodological change proposed is not 
related to any specific CAS. Accordingly, we present examples using both Maple and 
Mathematica in an attempt to show that, regardless of the CAS selected. The important 
thing is the new teaching’s focus proposed. 

 

2.1. Using the CAS to introduce concepts and theoretical results 
The CAS’s graphical power allows us to visualize the isocline curves associated 

with a differential equation and to represent some solutions easily, even though the 
students still do not know how to obtain them in an explicit way, which is very 
illustrative of what is represented by the ODE ),(' yxfy = . If we connect each isocline 
with another one by segments whose slope is the value of the isocline, we are showing 
the Euler method that will be seen in numerical methods. In Example 1 (file 
ODE1.mws) we perform a graphic treatment of different situations that may arise in the 
qualitative analysis of differential equations. 

The CAS calculating power also allows to highlight important theoretical results. 
For example, it is possible to get the sequence of functions convergent to the solution of 
a Cauchy problem given by the proof of Picard’s existence and unicity theorem, see 
Example 2 (file ODE2.mws). This method cannot be approached in a practical way in 
traditional teaching and it is one of the advantages of our alternative. 

 

2.2. Our course includes a few exact methods 
One of the most striking proposed changes with respect to conventional teaching 

involves the presentation of the different exact methods of integration. In view of the 
strength of symbolic computation of CAS, we believe that it is not necessary to offer an 
exhaustive list of exact integration methods; instead, we shall focus mainly on the 
algorithmic process involved in the integration of linear differential equations, very 
important in practical applications, see Example 3 (file ODE3.mws). The CAS can 
solve most of the classical differential equations with no trouble, even identifying the 
type of equation and then integrating it. Accordingly, attempts should be made to foster 
the use of the solvers of differential equation of each CAS (dsolve command) to obtain 
the solution, even though it is obtained blindly. 

 

2.3. Modelling Problems 
From the point of view of modelling, systematic use of a CAS allows the 

computer to be used as a true experimental laboratory in mathematics, such that by 
modifying the initial conditions and the different terms of the differential equations 
under study it is possible to visualize the different types of behaviour of the physical 
systems being modelled. For example, when analyzing a mass-spring system, it is easy 
to present –in an experimental way– the successive types of systems that may arise: 
damped systems, over-damped systems, resonance, etc. So they can simulate all 
possible situations. The students are guided through the different cases. In Example 4 
(file ODE4.nb) we present an approach  to study of mass-spring mechanisms. 
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It is also possible to model the nature of the trajectories of conservative systems, 
just depending on the energy value. Thus, in Example 5 (file ODE5.nb), we analyze the 
stability of non-linear hard and soft springs. 

 

2.4. Numerical Methods 
The programming language of a CAS as Mathematica or Maple is very suitable 

to implement easy numerical procedures for solving ODEs. So the students can do it. 
Thus, using the program libraries of the CAS itself or programming the different 
algorithms, it is possible to reconstruct the different numerical methods, both single-step 
and multi-step methods. The main advantages provided by a CAS over traditional 
programming language stem from the possibility of including symbolic calculations in 
the programs and it is also possible to summarize these in two aspects: On one hand, the 
CAS allows us to carry out in a simple way valid procedures for Taylor methods of any 
degree, giving the specific equation as the input parameter, and thereby avoiding the 
technical disadvantage of deriving symbolically in each individual ODE, see Example 6 
(file ODE6.mws). On the other hand, the application of the concept on which multi-step 
methods are based by integration of suitable interpolation polynomials permits the 
direct deduction of the different formulas, thereby extending students’ understanding of 
the classic multi-step methods. 
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Maple Worksheet ODE1.MWS 
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Maple  Worksheet ODE2.MWS 
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Maple Worksheet ODE3.MWS 
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EXAMPLE 4 

•Mass-spring systems 

We analyse the mass-spring systems for different values of spring constant k, with k>0, and the 
damping constant n, n>0. Then we solve the equation mx''[t]+ nx'[t]+kx[t]=f[t]. We study the 
unforced equation (f(t)= 0), and forced equation with f(t)= F*Sin(w t), periodical force and we 
only analyse this case. We try to analyse different cases according different values of 
parameters m, n and k. Then we define the equation with input command. 
First we define the parameters of equation m x''[t]+ n x'[t]+k x[t]= F Sin[w t] 

 

 

We give now the frequency of forced term and we advise of the possible resonance. 

 

 

 

If the above answer is possible resonance we try to see if the phenomenon appears. 

 

 

We define the equation. Previously we define the amplitude of the wave. 
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•UNFORCED MOVEMENT 

We observe the nature of the roots of the characteristic polynomial to analyse the natural 
response or free response of the system. 
We show the different possibilities. 

•Supercritical damping 

 

 

If the answer is Supercritical damping we find the roots and the general solution of the 
homogeneous equation in exponential form. 

 

 

We jump to the Forced damping. 

•Sub critical damping 

 

 

If the answer is Sub critical damping we use Root command to find the roots. After we 
obtain the general solution of the homogeneous equation. 

 

 

In easier form 
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Analysing again the resonance. ONLY will be possible with imaginary roots of the 
characteristic polynomial. 

 

 

Analysing the real situation. 

 

The general solution. 

 

 

We jump to the Forced damping. 

•Critical damping 

 

 

If the answer is Critical damping we use Root command to find the roots. We will obtain the 
general solution of the homogeneous equation. 

 

 

 

 

•FORCED DAMPING 

We found a particular solution of non-homogeneous equation, forced response. We suppose null 
initial conditions (speed and displacement 0 at t=0). We apply the linearity principle to find the 
general solutions of the non homogeneous equation. 
Finally we plot graphs of some solutions for different values of constants c1 y c2. 
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•Supercritical damping 

 

 

If the answer is Supercritical damping we solve the equation with null initial conditions. 

 

Easier form. 

 

The general solution of equation 

 

We plot graphs of some solutions. In this case the solutions decay exponentially for every 
values of c1 and c2. 

 

We must be careful with the values of the constants c1 and c2 and the chosen interval for the 
independent variable. A bad election implies a bad understanding of the graph. Please check 
each case with several values of constants and several intervals. 

 

Remark: Experiment with big values of t, time. Some times only one graph is appearing. 
Analyse the reason. All transient solutions, corresponding to natural response tend to 0. Only 
the steady-state response appears. 

•Sub critical damping 

 

 

If the answer is Sub critical damping we solve the equation with null initial conditions. 
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Easier form. 

 

 

The general solution of equation 

 

 

We plot graphs of some solutions. In this case for f(t)= F sin(wt) the solutions decay 
exponentially, for every values of c1 and c2 but with change of sign, due to the sine and cosine 
functions. In the resonance phenomenon the solutions are going to infinity, due to the solution 
tsin(wt) or t cos(wt) or both. 

 

 
We have to be careful with the values of constants c1 and c2 and the chosen interval for 
independent variable. 
A bad election implies a bad understanding of the graph. Please check in all the cases with 
several values of constants and several intervals, for small and big values of time. 
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Remark: Experiment with small and big values of t, time. Some times only one graph is 
appearing. Analyse the reason. (Solution of the homogeneous equation are periodic) and for 
some values of the constant only steady-state response are represented. 

•Critical damping 

 

 

If the answer is Critical damping we solve the equation with null initial conditions. 

 

Easier form 

 

General solution: 

 

We graph some solutions. In this case for f[t] = Fsin[wt] the solutions decay exponentially for 
every values of c1 and c2 but with change of sign, due to sine and cosine functions. in the 
resonance phenomenon the solutions are going to infinity, due to solution tsin[wt]. Also have to 
be careful with the values of constants c1 and c2 and the chosen interval for independent 
variable. 
A bad election implies a bad understanding of the graph. Please check in all the cases with 
several values of constants and several intervals, for small and big values of time. 
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Remark: Experiment with small and big values of time. Some times only one graph is 
appearing. Analyse the reason. (Solution of homogeneous equation are periodic) and for some 
values of the constant only steady-state response is represented. 

 

Converted by Mathematica  (August 30, 2004)  
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EXAMPLE 5 

•Conservative systems 

For special conservative systems like the following x'= y, y´= f(x) we can draw the 

orbits or trajectories only using the total energy  E = ∫
2 x

0
y - f[x]dx2 . These systems 

can represent different technical and physical situations and we describe some 
examples. 

A spring, with non elastic component 

We assume that the associated ODE is ′′ 3x +kx+ax =0 , which it is equivalent to  
′′ 3x =-kx-ax   . (The term 3ax is the non linear component). The behaviour is 

completely different in the cases: a <0, heavy spring. and a>0,  soft spring . 
We analyse both of them. We need the package: 

 

a<0. Heavy spring. 
We suppose m=1, being m the mass of the spring. We draw several trajectories. 

We assume the ODE associated is ′′ 3x +kx+ax =0 , with a < 0. 

Suppose f(x) = 3-2x-8x  

 

 

We plot the graphs for different trajectories, using the Table command. 
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Case a>0. Soft spring. 

We suppose the external force is f(x) = -4x+4x^3 

 

We plot the graphs for some integral curves, corresponding to different values of energy 
E. 
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For different values of  the energy E the curves have different shape. 
There is a special value of energy, corresponding to energy curves passing through 
critical unstable points. The critical points are the solutions of f(x)=0, and y=0. 

 

 

The unstable points are (-1,0) and (1,0). The energy for this points is: 

 

 

We draw the trajectory corresponding to E=1, which it is called the separatrice. 
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Now together 

 

 

The separatrice, red energy, separates the trajectories corresponding to less values of 
energy, green curves and the curves with more values of energy, blue curves.  

Converted by Mathematica  (August 30, 2004)  
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Maple Worksheet ODE6.MWS 
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