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Real numbers representations and charts

A mathematical investigation carried out with K12 students in 2001

The (mathematical) crime
Picture 1

A mathematics teacher in his class in full confidence in the computer plots the chart of :
X X"
Here is what he obtains:

1m0 Few | F% & FEw | FGw [F7 i
- oo | Trac e Rearaph|Malh|Dess [+ ff' i

HMAIN KRD AITO FOMC

Picture 2 : the good news

This is a curse related to 1 number?
New test with this time:

xHxﬁ
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Our teacher regains confidence

Picture 3: New question

It was thus 7 ... The teacher, reassured, can continue his lesson.
But, at the back of the classroom, a student, curious and dissatisfied, tests another function:

xHxﬁ
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Picture 4 : Another class, others students

The same year, at the same time, in another class, two students plot the function x > x*
But they did not choose the same "Zoom".

Zoom : Standard

Zoom : Decimal

The beginning of the investigation

Embarrassed, the teacher calls for help from an investigator in computer "bugs".
The two students also make contact with this "specialist"...
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He rejects the idea of a "bug", or a programming error.

Our man directs himself immediately towards the search for a mathematical reason...
but which one???

Calculative investigation

Some small things should initially be checked and already some surprises

Yes,
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And even more surprises

First conclusions

The calculator observes rules of purely algebraic transformation when real powers are used
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for which there can be a doubt about the nature of the result.
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It does not examine if the writing is correct.
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We see here a little more clearly

The application of the square forces the
evaluation: whereas the calculator knows the
result is not a real number.
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Moreover, in complex format: rectangular, we obtain
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A clue

The passage in approximate mode
highlighted a problematic situation:

However if we take the complex format:
rectangular, we find:

It seems well that the calculator "knows" that
the number (-1)W is a complex number, but
in approximate mode, it regards it as a real
number

Let us go further in our research
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We met an aberrant arc for x*. We must thus have an identical situation to that of xw.

Which is true.
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A small verification

NE)

On the basis of our first result, we can think that x> x*° will be represented correctly,

but that x — x*° will be represented like an even function.
Which is true...
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Now let’s return to x"

In approximate mode, 7 is replaced by a decimal number, \2 also.
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We must thus ask ourselves what a power with a decimal exponent corresponds to:
the calculator "answers" by an equality for any x which shows that the representation in
memory of a power with a decimal exponent is a power with a rational exponent.
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We are advancing...

To plot a curve, the calculator works in approximate mode, therefore for X, 7 is replaced by
a decimal number.
But to calculate the power, this decimal number is replaced by a fraction of integers, which

we can suppose is irreducible. ..
It remains to examine the powers whose exponent is rational.

Take a glance at this : x*

If p and q are two positive integers such as GCD(p, q) = 1, we have three cases :
1) p and q are odd

2) p is even, q is odd

3) pis odd, q is even.

We can always write : ¥ = ()"
If q is odd, x — x” is a bijection over IR, and thus a" exists in IR for every real number a.

Small assessment on the investigation

We can thus think that the calculator replaces m or V5 by a rational number whose
denominator is odd, and replaces V2 or V3 by a rational number whose denominator is even.
We have really advanced...

And, now, in search of the rational number

Let us examine the case of x".
31415926535898

1013

Initially we can think that 7t is replaced by
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However, that does not work: while simplifying, we obtain an irreducible fraction with an
even denominator
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An idea...

If our assumptions are right, to carry out the calculation of (-2)" in approximate mode, the

calculator will go to a rational form.
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It is good. And now, let us use formal calculation.
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Here is the rational approximation used by the calculator for .

How and why does the calculator use this rational expression as approximate value of n?

To approach a real number by a rational number, it is a known problem of which a method of

resolution is

5419351
1725033

The continued fractions

Continued fractions

3,141592653598 =3+ 0,141592653598 =3 +

Which gives :

3,141592653598 =~ 3 +

We thus have

0,141592653598

1

7,0625133059307

CONTS
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3,141592653598 ~ 3 +%(: %)

Then
3,141592653598 ~ 3 + 11 ~3+ 11 ~3+ 11 [: 333]
7+ 7+ T+— 106
1 15,99594406774 15
0,0625133059307
We can write :
1
T =q + ) 7
o g, +0,9959...
withg1=3, 2 =7, g3 =15...
If we name — il Zz Z3 .b” ... the successive continued fractions, we have here :

n

a, =3,b =1,a, =22,b, =7,a, =333,b, =106

. 1 . .
If we write x =z, and e,,, = ——g¢,,, With ¢, = x —ipart(x)
e}’l

We can show recursively that

1 .
qn+1 lpart e an+1 qn+1 x an + an—l ’bn+1 = qn+1 x bn + bn—l
n

with a0=0etbo= 1.

We translate these results by a program on the calculator which returns a list of fractions
approaching a number (nb) with a given precision (pres)
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Uses of the program

We have for example

But also with more
precision :

We find again the rational
number used by the
calculator.
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Verification of the hypothesis

The case of V5 is taken
again.
We have:

We also have :

The result is convincing

And with the root of 2

There are no anomalies in the curve of

fx)=x".

So this will not give us any information;
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Let’s try the program :

The last fraction obtained has an even
denominator ... which is what we expected

Let ‘s try with V3 or \7

Confirmations of our results are found for V3
but...

... not for V7.
Why ?
We can suppose it is a problem of precision,

our program is using the approximate values
of the calculator...

More precision, please

The calculator has reached its limits.

It is necessary to push the research to software in which we can choose the precision. Let us

take Derive...
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We write the same program with two small alternatives:

APPEND instead of AUGMENT and
LOOP instead of WHILE

With Derive

PROG(

a0 := 1,al := FLOOR(nb),b0 :=0,bl := 1,e :==nb -al,d := 1,Is :=[al],

LOOP(
IF(d < pres, RETURN Is),

q :=FLOOR(l/e),e :=1/e - q,a:=q-al +a0,b ;= qbl + b0,
d := ABS(nb - a/b),Is := APPEND(ls, [a/b]),

a0 :=al,b0 :=bl,al :=a,bl :=b)
)

10

CONTS



Real numbers representations and charts *

Egger Bernard CONTS

A surprising result

-13
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This number missing from our list on the calculator...
We can check that it is the only one.

An interpretation... to follow...

We can think the reason for this "incident" is a particular situation of one of the numbers q,

combined with the limited precision of the calculator

To be continued...

But a new enigma: why does the calculator choose the one that is precisely missing, whereas
it is not the last number ...

Who'’s following who?

Derive will still give the solution: the sequence is alternating around its limit: the minor term
is here before the last and the result is thus coherent. It is thus well for a problem of precision
of calculation that the calculator stopped.

-12
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-1, 1]

And in the general case

In the general case, the sequence of the continued fractions has the same property. We can
easily see it in the first terms of the sequence with the preceding conventions. Thus :

11
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—=4,—=4¢+—,—=q¢+—,—=¢q, t
1 1
b b, 4 b q, +— b, q, + 1
qS q + —
3
9,
We have ﬁﬁa—z
1 2
1
But too g, < ¢, +— thus Lch
q; 3 )
1
We also have ¢, < g, + — donc Lh
4 4 3

And soon...

The function exact

The calculator has a function badly described by TI: the function EXACT.
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The results on the screen on the right are saying something to us.
And if we go further:
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It seems the function EXACT returns the best continued fraction which approaches a real

number with a given precision.

12
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And with the other values...
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And if we looked at x*

We could see that the curve of this function was very different according to the choice from
the “Zoom”.

In the "decimal Zoom”, it did not seem to have a problem. In the "standard Zoom", parasitic
points or arcs appear.

We are now able to understand the differences observed and to interpret them.

x*with decimal Zoom

In this case, the situation can appear easy. The values of x are decimal numbers from the form
k*0.1 with k integer number. Thus x" is replaced by:

k k/10
i)

If k& is a negative number, and if kis an even number, the fraction is simplified and we will
have a problematic point. If £ is odd, calculation cannot be done.

x* and the choice of the resolution

Our conclusion results in thinking that the resolution selected on the calculator is important. A
quick check shows that the drawing without "problem" was with resolution 2.

13
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But with resolution 1, there are parasitic points which correspond to the even values of k.
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x* with standard zoom
In this case, everything is more complicated: the points calculated by the calculator have a
rational approximation by continued fraction with an even denominator or an odd

denominator and that done much difference ...

Let us look at these two cases
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The two selected points
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The calculations seem to confirm our assumptions in both cases.
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But nothing is easy...

Indeed, we could have made a worse choice as shown in the following example:
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That goes much worse.
A denominator is found odd which is not coherent

What is this point?

The screen of the calculator contains 238 calculated pixels.

In standard zoom, the X-coordinates are between -10 and 10.

We can calculate "more precisely” the value of xc.

We find a difference which shows the difficulty to know the value used by the calculator
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Help from Derive

If, by example, the calculator has "taken" the value 1.092436974789 for xc, Derive give as
continued fractions, the last being smallest and more precise than the preceding one.

Why EXACT this value does not return?

New question to be continued...

Frel. 092436974785, 10_133
11 12 59 71 130 10022357481
[l' 10 11 54 65 119  g9l74311848 }
10022357481 130 1
b I e B W X - 11 - 1091743109912

15
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And if we took another calculator...

Let us look at what occurs with TI-84.
First, we plot the curves of the function x > x”

with A =67/103 and with A = 67/208
The results are those until we wait (odd or even denominators)

The troubles start

I we take now A =23457/12773, The curve is « incomplete »

TI-84 has "a small" function EXACT : the instruction FRAC.
Let us look at what it gives here.

- -+
1.9233832177

FFrac
1.993832177

It does not modify anything.

The small difference

A small change in the value of A and that works well again: A = 23457/12775

And for FRAC...

16
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1.83515435584
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Brief conclusion for TI-84

Like Voyage 200, TI1-84 plots arc for the negative X-coordinates only if it be able to write the
exponent like a rational number with odd denominator, what avoids problems for x™ (left

screen) but not for x* with decimal zoom... (right screen)

And with Derive...

Derive has been an invaluable assistant, by the possibility that it offers to define the precision
of the results.

But does it avoid the problems involved in the power functions?

On the graphic point of view, we can think that it is the case. The curves correspond so that
the professors of mathematics wait, but in the field of calculation, we still meet some
surprises. ..

Derive and the power functions
Frecision = Approximate

PrecisionDigits = 19

m
(-2 = —7.966178303885685737 — 3. 7973980985 897560366 . L

Frecisionbigits = 18
m
(—2) = —7.96617530388L68573 — 3. 79730800980 8975636. L

Until here, everything is OK.

But of the problems appear.
First, here is how (—2)" becomes a positive real number
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Real numbers representations and charts
Egger Bernard

Pracizionligits := 18
Branch = Real

m
(-2 = B.82497782707628762

Then a negative real number and even a complex number:

FrecistonDigits = 20

T
(—23 = -8 8245977827076 2875238

FrecisionDigits = 21
m
(=213 = -7.96617830ZBBLGALT7IRSE -
3. V9TV IGEE5A98 75636583 . L

In exact mode, the calculator had a "normal" behavior, but Derive is more surprising.

Freci=ion = Exact
Notation := Ratianal

m

[—Z}H =2

We must use the complex numbers to find something of more usual

Branch := Principal

And if Derive worked like the calculators...

We are in Exact mode with an accuracy of 20 digits. The obtained screens are speaking about
themselves

18
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Real numbers representations and charts *

Egger Bernard CONTS

APPROX () 21053343141 /6701487259 945581 364 /67 01487259
(-2 = -2 (13

—20
Fre{APPROXN Ty, 10 3

[ 22 333 1 103993 104245 208341 212680
3,

7 106 112 33102 23215 66317 99532
E232719 1145405 272943 LA1925] EQ014=285F
FHELEEE] I 24913 I 1360120 I 17250%3 I ZE51A582 I

155707065 ZALELDSE2 41155 79E7 106 85606895

S2F46197 78256779 131002976 340262731

25459451 775 5157950454 21053342141 }
811528438 1963319607 G&014587 259

If the precision is modified:

FrecisionDigits = 18

APPROX ()

6167950454 /15963319507 27 V991633 /1963315607
-2 =-2 :

-1

-18
fro(APPROAC), 10 3

[ 22 333 356 103993 104345 208341 212689
3,
v 106 113 3310 33715 65317 99537

8337159 1148408 4272943 5415351 80143857

265381 364913 1360120 1725033 25510582

165707065 245850922 4115579&7 1068966895

52746197 78256779 131002976 340262731

254594591 779 }

E11528438

We are in front of a small problem
We must go a little further to find the approximation rational. Question of precision ???
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Real numbers representations and charts *

Egger Bernard CONTS

15
fre(APPROR(Fr), 10 3

22 333 355 103993 104348 208241 312689

i 106 11= 33102 23215 BEILY 99532

833719 11468408 42725943 3415351 80143857

265381 364913 1360120 1725033 25510682

165707065 2458509272 411557387 1068966836

527461597 FE2LEFFS 131002976 40262731

254894891779 6167950454 :|
A11522434 19523219607

But Derive is more explicit than the calculator:

PrecisionDigits = 19

AFPROX () 14885392687 (47381674652 B7DBBOTIL 4738167652
(=23 == (-1
FrecisionDigits = 18

APPROK () 6167550454 /1963319607 277991633 /15963319607
(-2) S (-1
FrecisionDigits = 20

APPROX () 21053343141 /6701487255 DdEREEL 364 /6 T01487255
=20 ==-72 (-1

Now, we understand why we have found a complex number with an accuracy of 19, a positive
real number with an accuracy of 18 and a negative real number with an accuracy of 20.

Provisional end...

Here is " the end" of this mathematical investigation, carried out with the active collaboration
of students, investigation which led everyone to a better comprehension of problematic
situations met on a calculator or a computer. But it also allowed and especially to meet
unexpected mathematical concepts.

Ultimately, everyone understood that confidence that we must make with an calculation
instrument must be measured. But, and it is the most important point, now students and
teacher do not speak any more of the limits supposed about these instruments. The
understood that these limits are those which imposes mathematics itself.
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