Paraxial Approximation
Teaching Geometrical Optics with

DERIVE

Leon Magiera, Wroclaw, Poland

presented by Josef Bohm, Wiirmla, Austria

This lecture is based on a Leon Magiera’s paper and on a very extended exchange
of emails between him and the presenter who produced the final presentation
assisted by many comments of Leon. All graphics are Derive-2D-plots derived
from Leon’s sketches.

Tracing a ray of light through an optical system consists on calculating the changes in ray
slope angle caused by reflection or refraction and the changes in ray height on transition from
one surface to the next.

The paraxial region of an optical system is a threadlike region about the optical axis which is
so small that all the angles made by the rays (i.e., the slope angles and the angles of incidence
and refraction) may be set equal to their sines and tangents. Under this approximation (first
order optics) ray tracing formulae are very simple.

It will be demonstrated how to apply these simple formulae to calculate the important optical
quantities (focal length, back focal length, aperture stop, entrance and exit pupil, size and
image position ect.) and even for complicated multi-surfaces optical systems. Special cases of
thick or thin lenses are considered and also multilens optical systems, in particular cemented
and separated doublets.
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Angles are negative, when measured counterclockwise from the optical axis
or from the surface normal MC (dotted line).

Snellius:  »nsin(-i) = »" sin(-i")
Paraxial Approximation works under condition that all angles

- .r

i i, u,u’,paresmalland d<<r .

AOMC = -i=¢p—u and AIMC = -i" =¢p—u’
Snellius: n(p—w)=n‘(¢—wu") (under par. appr.)

Given are two refracting media separated by a spherical surface. From the point ,,O” an
arbitrary ray OM is emitted (Fig 1). This ray is refracted at the point M and intersects optical
axis at the point / (image point).

n- index of refraction on the left hand side of the surface,

n’- index of refraction on the right hand side of the surface,

r-radius of curvature of the surface,

s -object distance from the surface,

s’ - image distance from the surface,

i - angle of incidence from the normal to the surface to the incoming ray,

i’ - angle of refraction measured from the normal to the surface to the outgoing ray
Sign Convention

1. Values on the left are unprimed, while values on the right are primed.

2. All distances are positive on the right of the surface from which they are measured.

3. Transverse distances are positive upward from the optical axis and negative downward, on
the plane of the figure.

4. Angles are negative when measured counterclockwise.
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r = radius of curvature = CM

or from the surface normal MC (dotted line).

n(p—u)y=n (p—u’)

In Paraxial Approximation holds: —u=i, u'=£' and go=£
—S M r
I 1 1 1
nl———|=n'l——— Abbe - Invariant
roos ros'

(cancellation of y!!)

Sowe find n(p —u)=n'"(p —u')

The sketch shows that each ray emitted from O(bject point) will end in I(mage point).
s is independent of any y.

This leads to the Abbe Invariant. y is cancelled by calculation.

L G d w iy
e} -S U \S'
—

Paraxial > UM'=d = very small : OU = OM" and Ul ~ M']

-u and u* are tangent functions, ¢ is a sine function.

. h Y
Snellins: n-i=w'-i' on—=n—
-5 5!
h i
—=tanimiand — =tani'~
—s o

and Y o2

=tan(—w)m -1 —> y=s5-u, > y=5-u
o s (—u) ¥y y

What is the height (size) of the image of the vertical object with height h?

We eliminate s and s° doing some easy calculation which does not need now any trig function
or trig identity we find the ....
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Lagrange Invariant ....

...... and maybe even interesting for practical application the Lateral Magnification given by
an optical system.
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Our first example is a single lens (two surfaces — spheres), three media, i.e. three
indeces of refraction.

Single Lens

Vl=s2
Ul=s1" W=s2

QU =-s1

Our task is to find the image distance s2”:

[n0 =, nL:=, n2 =, rl:=, ré2 =, sl::=, sl_:=, 52 =, s2_ =, Tl :=]

1 1 L L
eql := n0- — = nl- -

ri s1 rL s1_

N L L L Abbe - Invariant
eq? = nl-: - = n2: -

r2 s2 r2 s2_

yl/rl = ol, (sin); y1/s1 = ul (tan) ..... the y’s are cancelled!!!
We would like to find s2° (which appears in Derive notation as s2_ )

We solve for s2' (=52 ):

#5: 51 = RHS{SOLVE{eql, 51 ))

#6: 52 = RHS(SOLVE(eq2, s52_))

nice expressionl!

n2«r2.(n0-tl.(rL - s1) + nl.sl.(tl - rl))

52_ =
nlssl-(nl-(rL — r2 - 1) + n2:(tl — rL)) — n0-(rL - sL)-(nl-(r2 + t1l) - n2.tl)

r2-{tl1-{rd — s1) — n-s1-{rd1 — t1))

2
n -sl-{rl - 2 - t1} + n-{s1-{p2 + 2-t1> — prl-(r2 + 31 + t1)) + t1-{»1 — =1}

and in case of a thin lens and the object in infinity
(negative because left) we get:

»rl -»2

lim 1lim =s2_ =

gl+—w t1-+0 fn — 1)-{r2 — r1}

As you can see some manipulation is required, but our servant DERIVE has no problems and we
obtain a ,,nice little” expression for s2° =52

For a lens in air we can set n0 = n2 = 1, nl = any arbitrary value ».

If the object has an infinite distance from the lens we need to find a limit.

5
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Special Case: glass sheet

M=r2=w
;
7 /
e 1 ; n ;/na
Al 2 3
— — — — —-.————.‘-/————
/
" 4 ’ A
4 ﬁ 7 y
0 % i fc
1~
1, —4
n-s1 — tl1
Tim Tim s2_ =
rz-w rl-w n

-5l + tL + Tim Tim s2_
|‘2—;m l'l—;m

Take a special case:

The lens is a glass sheet:
Which is the distance O1??

Left bottom under paraxial approximation!

On the right we are doing it the classical way (trig functions) and finally applying Taylor

Approximation.

Compare the results??

tl

-t - ——

SINC1)
ip = ASIM ——
n
BC - vL + t1-TAN(Ip)
BC
Icoe= —
TaN(1)
vl
0I :- + tl - IC
TAN(1)

n € Real (0, o)

0I = t1 -

So why should we use cannon balls to shoot a mug??

t1-C0S(1)

2

Jin = SINCi) )

2
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Sweet memories on my (our?) school time physics classes.

Better: I ,,should” remember, but Leon reminded me!

| remember from school:

1 1 1
— =(n - J_)~[— - _]
f ri r2

L 1 1 ri-rz
SOL"-.-*'E[— = (n- 1)&[— - 7] fJ - [f - ]
f rl r2 (n - 1)-(rz - r1)

[rL:= 20, r2 := =30, nl:= 1.5]

24-51 Real Image 100
SUBST(s2 , &L, 0} = ———— s2' = Image Distance
sl + 24
.
50
51 = Object Distance

Object is left of surface: s1 < 0: LoO -50 50 100 150
For |distance| <24 we don’t have )
a real image! Virtual Imagsf |,

Only the left part of the hyperbola is of relevance, because only for object distances with

absolute values > 24 we will obtain real images!

slope angles u can be used instead of distances s —»

n(gou)mn[yy]ﬁn(ytanu}m n[yuj
roos r r

M M !
Ryl — Wy |=| — U

s "

V2 Y !
| ——U, |=8, ——1U,

g} r

r

Y2=N _“1}1 with u, =u,
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Applying Paraxial Approximation we cans use the slope angles « and u‘ instead of distances

s and s°.

We again benefit from the Abbe-Invariant!! .... as we will do in the future!!
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Paraxial ray tracing is based on two relations describing:

» the height of the ray passing the next surface
(transition to the next surface)

yi=y-u'-t

» the slope angle after refraction

The formula for y* can easily be derived from the sketch. Take into account that
u‘ replaces tan(u‘)!!!

The slope angle after refraction:

u L
#i- SGLUE[H-[——— - u] =n_-|— - u_], u_]
r r

n-r-u — y-{n — n_»

#2: u_ =

n_-®

H=nih'=n=pan

n_-pdy-r-u - y-{n_-p — n_}

#3:- u_ =

n_-r
y-{1l -
#t4: u_ = —— + nu-un
) o

Abbe Invariant solved for u‘ (slope angle after refraction) angle between the
refracted ray and the optical axis.



Second example: A Multi Surfaces Optical System

Multi — Surfaces Optical System

v,
u,=u; " H, +f(1 - tu_j)

The ray tracing formulae can be rewritten in general form for rays passing from one media to
the other.

y; is the height of the paraxial ray at the j-th surface and t; , is the distance between
surface #j-1 and surface #j.

We obtain a system of mutual recursive equations. This seems to be an excellent occasion for
working with Derive

y.
U, =u; " H; +f(l_ﬂj)

J
Y, =Va—U, 'ijl
and its recursive Derive realisation:

u(j) :=
If j =8
ud
ulj — 13-pdj + w(JI-RLG- (1 — pdj)
v(jy :=
If j=1
yl
wij — 1) —ulj —13-THj - 1)
]
n@A Jj-1
p == UECTOR|IF|J = 1. - - Jd- 1. DIHCRY
N N
1 J

We find all quantities from above (the us, the ys, and the us and try our Derive realisation by
repeating solving the problem from above.

CONTS



CONTS

[rl:= 20, r2 = =30, nl = 1.5]

24.51

SUBST(s2_, tl, 0) =

s + 24

[n@ :=1, N == [1.5, 1], R := [28, -38], T == ti1]

ul
yl ==, uB ==
sl
u{DIM{RY > 24-51
1lim =
t1+8@ uw{DIH{R})} 1 + 24

s2° = image distance = hyperbola from above.

Next example is a bit more difficult:

Double Cemented Lens

h=20mm; h'is negative!!
Sketch of the problem

The optical system consists of three surfaces (radii, distances and refr. indeces are given), the
object is located 310 mm to the left of surface #1 and is 20 mm high. It is surrounded by air

(n0 = 1).

Questions: Image distance s3¢?
size —h‘?

10
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To demonstrate the problem more detailed I produced shaded derive graphs.

Derive sketch true to scale

Y
Zoom In

nld=1

n1=1.51

w5: R := [51.3, -58, -251]
We define the data yz. 1 :- pa.32. 2.81]

and ..... n7: nd =1
#8: N := [1.51. 1.62, 1]

vl

#9: sB8 = —318, wB == » h == 28
=H
receive the location of
. DIMCR
the image. H{DIH{H}} = 136 .275
(distance from the last wt (R

surface to image plane)

and we again use the previously generated tool.
See that it works properly — as expected!!
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There are three ways to calculate the size
of the image h":
(1) using the Lagrange Invariant

(2) using paraxial ray tracing from the top of
the object

(3) including the image plane as last surface

(1) Using Lagrange Invariant

n-h-u=n"-h'-u
!
n, 'h'uo :NDIM(R) h "Upnsry

SOLUE(n®-h-ud = N ~h_-u¢DIM{R}}, h_)
DIM{R)

h_ = -9.21 vyl =8

SOLUE(n® h-ud = N -uf{l} hi, hi} = (hl = —9.687 v yi = B)
1

hi == —-7.687
EDLUE{Hi -uf{l}-hi

HE-uCE}'hE, h2} {h2 = -13.975 v y1 = @)

h2 = 13.9%
EIZILI.IE{I'tI2 -uf2)-h2

(IR YO v yl = @)

Hg-u(E}-}ﬂ, h3)

The product presenting the first medium remains the same in the last medium » * A4 * u!!
The final result is 9.271 mm upwards from the optical axis.

I find it nice to proceed stepwise from one surface to the other and follow the change of the
image size, making the recursion much more understandable.

12
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Let’s make a side step to CAS-Calculators (because it is also a TI-CAS-Conference!!)

Let’s try on the Handheld (CAS-TI)

['Fl T Fiv TFB-TFHTT FE T FE™ ]’]
- E Algebra|Calc|Other |PramI0O|C1lean Lp

B{01.3 -30 CEAli 4

{51.3000  -5Q -251
LA P S e T 1003200 Z.01803%

m{1.51 1.62 1X=+n
{1.5100 1.&620@ 1%

o fuEa=0 . &l
{u-:.i SRIEIEE. & NSNS NS EE

WA I AL JIO¥C1—plj1D )—N.l.(:j)l
HAR FAL ALTD

FUMC 12/ 50

1 Few Few |_ Fu= FE Fiv
- E AlgebralCalc|0ther |PranI0|Clean Up

S s l.dimiry| 2
nLi-11

Jalt} =1
: seqH—nr ik

nlal
£.6623  ,2321 1.&200%
w_(dimira
" TaTRO 136, 2746)
L] 2N
FAIN EnD wlTO FUMC 15550

—[rTTTFTﬂﬂTTj
vﬂ Alackra|Calcj0ther |FramI0|Clean LUp
u-l,i=1 .
"LOTCi - 1 - ued - 13 AL - 1l.elze TE-RY
Dorne|
=] 0 1
" -310+ A -3
u_1 ty-l
"tag TV 318
([ _, 1
FAIN kD wlITO FUMC 15550

l?i I Fz IF3IFH '|‘F5 ] F& ]l
- E FIlge-Er*a Ca th: Elth;r* Pramld I:lual-ar:u|r Up

'm Lig. Zrsn

2k 20
Bp-h-ul =knldindr)] - uldin -2 hp

t2eull _ _—

=1 = . @a7e-hpoy-l

=, Q089592864293 05 - hp - u_1k

P = -9, 2705

= SDIUE[%

= O06252286422306%hp¥y 1 hp»

FEAD AUTO FUMC 13120
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(2) Using paraxial ray tracing from
the top of the object

h — vyl
wd 1= —
—=0
y{DIM{R}) — 136.274-u{DIMN{R))

A.80008296 -y1 — 9.27

No trig functions here ....

As yl is small it can be neglected, hence the size is again -9.27 mm.

(3) Including the image plane as
last surface

[51.3. 58, 201, w]
[18.32,. 2.81, 136.274]
[1.5%1. 1.62, 1. 1]

R
T =
N

y{DIM{R}) = B.800883%6 -y1 — 9.27

?.2%
- —— = -B.464
h

Lateral Magnification

And no trig functions here again!!

And again the same result.

For me this also is a kind of the principle of ,,window shuttling®, i.e. changing the
representation forms to get a better insight for concepts.

Having calculated the image size we obtain the lateral magnification as a fraction.

14
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I browsed the Internet to inform myself on optics and Paraxial Approximation and I alway
came across these expressions.

An optical system can be replaced by two principal planes H and H* (principal object plane &
principal image plane or 1st and 2nd principal plane).

The way of the light ray within the optical system is of no interest for us (Black Box)!

Principal Planes,
Image Focal Length (fl) and
Back Focal Length (bfl)

A

AT
|

fmage foeal pt

A
. AT
i gt | e

Modelling the situation in Derive is easy:

R := [51.3, —-58, —251]
T := [18.32, 2.91]
N := [1.51, 1.62, 1]

[ud =8, nB == 1]
y{DIM{R}) u{l}
hifl == - F1 ==
u{DIM{R}} uf{DIM{R}?>}

[f1. bfl] = [ELEEEFFFI"NTE

Now let’s change into object space!

We describe the optical system from before (3 surfaces) and try to find fl (image 1) and bfl
(back focal length).

15
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We try to find distance sO from the first surface
to the object focal point F and

Then we use this distance for calculating
the object focal length.

We are still using the same tools!
ul
sA
SOLUVE(u{DIM{R}) = B, s@)

s =, wuB :=

A = —97.84%96 v yl = @
@ = —97_84%6
y{DIM{R}}
= —98_3371
115)

2nd Method: Ray tracing in opposite direction (from
image to object space). In order to do this correctly we
have to change order and signs of the optical
parameters. We trace the parallel ray (u0 = 0).

R = [25%1, 58, -51.3]
T := [2.81, 18_32]
M == [1.62,. 1.51. 1]
ud == 8§

y{DIM{R}} y{1}

- = [27.84%6,. 98.3371]
u{DIM{R} > uw{DIM{R} >

We recognize reverted signs.

16
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What about fl and bfl for a thick lens?

R == [ri, r2]

T == [t]

N := [n, 1]

[MB == 1, wB = B, ¢1 :=]

Repeat from above:

[ y{DIM{R}) y{ll
hfl := —, f1 1= ———

u{DIM(RY) u{DIM{R}>

r2-{n-frl — £t} + t} n-rl-r2
[(l—n)-{n-(ri—PZ—t} + L) . (1 —n)-{n-{rl — r2 — £t} + t)

The IS

1 {1 —n)-{n-{r1 — 2 — ) + )

f1l n-rl-r2

In Internet I found —n/f= "Power of the Surface”

Separated Doublet

We investigate a system composed of two lenses
with focal lengths fa and fb, separated by distance
tx.

What is the focal length of this system?

Again we don’t need a new tool.
Paraxial Approximation does the job without any
problems.

First of all let’s define the parameters of the
system.

We evaluate focal length of a system composed of two lenses of focal legths fa
and fb placed at distance #x.

17



Can you imagine how the system does look like?

Which parameters do we need to know?

R := [r1,. »2. »3. rd]
T == [ta,., tx,. th]
N

First lens (thick lens)

1 {1 — na)-{na-{r1 — r2 — ta) + ta)
#H6B: =
fFa na-rl-r2
i {1 —na)-{na-{r1 — r2 — ta) + ta)
#6?: SOLUE = . b2
fa na-rl-r2
fa-{na — 1)-{na-{rld — ta) + tad
#M: r2 =
na-{fa-{na — 1) — »1}
fa-{na — 1)}-{na-{pl — ta) + tad)
1= w2 ==

na-{fa-{na — 1% - vl

Second lens (thick lens)

1 (1L = nh)-{nb-(r3 - »4 - th) + th)
#72: —— =
fh nh-»3 -r4
1 (1 — nb)-(nb-{r3 - »4 — th) + th)
#73: SOLVE|—— = . r4]
fh nh-r3-r4
fh-{nb — 13-{nb-{r3 — th}y + th}
#74: 4 =
nh-{fb-{nh = 1) - »ri)
fh-{nk — 1% {nk-{»3 — th} + th}
#?5= r4 ==

nh-{fh-{nh - 1) - r3)

CAS is a useful tool for performing elementary calculations
eliminating parameters 72 and r4)

18
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Resulting in an extended and bulky expression:

Combine both to the full system using the set of data
from above and calculate fl.

£l =

fa-fh-na-vd-{nb-{rd — th} + th) ~

o~

fa-fna-{rl — tad + tad-{nb-{rd — th) + thd) + na-rl-{fh-nh-»3 + nh-tx-{th - »3I> -

th-{r3 + tx))

Nice little expression?? Would you like to do it by hands??

Let’s take thin lenses! lim 1lim f1
th+A ta-B
fa-fh

Fa + fh - tx
For thin lenses ta and tb tend to zero ....

Conclusion for an astronomic telescope (composed
of two thin lenses (objective lense and ocular)
with fl = «o:

tx = fa + fb

Distance between ocular and objective is the
sum of the focal lengths (Kepler Telescope).

..... and for an astronomic telescope focal length equals infinity, hence
denominator equals zero .....

In a one of my son’s textbooks on Physics I found that Johannes Kepler used
Paraxial Approximation doing his calculations .....

19
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..... but he was not in the lucky situation to have DERIVE as a servant.

I will close with a short summary of this lecture provided by its father Leon
Magiera.

The fundamental procedure in geometrical optics calculations is the ray
tracing. Ray tracing of a ray through an optical system consists of calculation of
the slope angle of the refracted or reflected ray (on the base of the Snellius law)
and the change in ray height on transition to the next surface.

In many computational problems it is sufficient to restrict the consideration
to the paraxial region i.e. the region around the optical axis of the optical systems
in which the angles made by rays (i.e. the slope angles and angles of incidence
and refraction) may be set equal their sinuses and tangents. This approximation
(first order optics) leads to the Abbe invariant, the ray transition formula and also
to the Lagrange invariant. The relations obtained appear to be very simple.

The fundamental quantities of the optical system are: focal length, back
focal length, the size and image location and hence the magnification.

In the presented examples we have demonstrated how to calculate these
quantities by using paraxial formulae. In particular analytical formulae for these
quantities for thick and thin lens have been derived. It was demonstrated that
paraxial formula can also be used for evaluation of the image position given by
parallel plate (single lens for which curvatures radii are equal to infinity becomes
parallel plate). The derivations for thin lens and parallel plate has been done via
applying /im function.

All these computations can be obtained “step by step” or automatically in
one step or what is very convenient by applying recursive procedure for paraxial
formulae.

The optical system is specified by its constructional parameters (curvature
radii, distances between surfaces and refractive indices). The Derive program
accepts parameters data of an optical system entered even in the form of
complicated analytical expressions. This fact have been demonstrated on the
example of ‘separated doublet’ by using “lens maker equation”. Its solution
allows to express the curvature radius in the form of expression containing focal
length of a single lens and its remaining parameters.

The image size evaluation have been demonstrated not only by applying the
method of tracing of the ray from the top of the object to the image plane but also
by the method based on the axial ray tracing and applying the Lagrange invariant.
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I enjoyed the far distance collaboration with my friend from Poland and I hope
that I could transmit at least partially our wonderful "working atmosphere"

Thanks for your attention

and 1f you have any questions, then
please contact

[.eon. magiera(@pwr.wroc.pl
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