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Introduction

Information technologies have changed all kinds of human activities. Mathematics is not the
exception - it becomes technologically dependent. The most important changes take place in
the process of doing mathematics - discovering new facts and their proof. Special mathematical
packages offer the user with suitable environment for arranging computer experiments in the
problem field with the aim of finding mathematical regularities on the first step of exploration
and then support the process of proof with the powerful opportunities of computer algebra. No
doubt that the future of mathematics is symbiosis of a human and computer. Using mathemati-
cal packages becomes the inalienable component of mathematical culture.

Innovative trends in mathematical education lay in the framework of constructive approach -
involving students in the process of constructing their own mathematical system which consists
of mathematical knowledge and mathematical beliefs. One of the most effective ways of the
realization of constructive approach is the method of learning explorations when students ex-
plore open-ended problems on their own. Solving open-ended problems can be regarded as the
model of the professional mathematical work. Therefore it is naturally to use information tech-
nologies in mathematical education just in the same manner: computer experiments as the
source of powerful ideas, computer algebra as a tool of deductive method. Using information
technologies in arranging learning explorations and carrying out the proofs can not only do this
work more effective but acquaint students with modern technologies of mathematics.

The authors have had the pleasure of playing Cabri-Geometer in one well-known problem [1]
and as a result have conjectured its generalization which then they have proved by the help of
Derive. They were highly impressed with these computer games and decided to share their ex-
perience with their students. Thereby the 2-week computer practice with undergraduate stu-
dents at the Mathematical Teachers Department of Kharkov state pedagogical university in
1997 was organized in the following form® Wweek - acquainting with packages Cabri-
Geometer and Derive!Awveek - playing with the above mentioned problem with the aim of its
generalization. The students have coped with the posed task successfully without any help. The
current article outlines activities which were used in the process of generalization of this prob-
lem (it is rather common for authors and students).

Problem area

Two quadrates £)C,D; and AB.C,Q with the centers Oand Q, and common vertex Q of
the identical orientation are given. Let E and F are the midpoints of the segméntandl
C,C.. Then the quadrangle:©@0,F is a quadrate as well.

Haw can the above mention problem be generalized?
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Computer experiments in the problem solving

Experiment 1

At first we construct a computer model of a given problem in the Cabri-Geometer environ-
ment. With this purpose we construct at first a macro-construction Quadrate which draw a
guadrate using two given points as the endpoints of the diagonal.

Construct a computéviodel 1 of a problem:

1.Construct a macro-constructi@uadratewhich draws a quadrate on two given points
as the ends of the diagonal.
2.Define three pointsD;, Q andB, and draw the squarédsQC,D; and A:B,C,Q using
pairs of pointd;, QandQ, B; as the endpoints of the diagonals.
3.Draw the segmeni&;A;, QB;, C,C,, DiQ.
4.Define pointse, G, F, O, as the midpoints of the segments constructed in the previous
step 3.
Now the model is ready and we can play with it. Really, our model is dynamic («alive») in
A, the sense that we can dynamically change
its parameters. All initial pointgDi, Q
and B) are movable - they can be moved
with the mouse. Playing with this model
we really see that the third (depending)
guadrangle is a square (we can convince
in it by view or by measuring the parame-
ters of a figure with the&Cabri-Geometer
; instruments - ruler and protractor). Of
G course our experimental assurance needs
the deductive proof, it is only the hypothesis, but this hypothesis is of a great confidential-
ity. We put aside now the attempts to prove the hypothesis and proceed our computer ex-
periments.
Experiment Zdisjointing the vertexes)
Is it really important that the initial squares have a joint vertexes?
A, Unfortunately, the previous model cannot
/ be modified for these purposes. Therefore
we must repeat the described above algo-
rithm with a little change in the second step
- the initial points will be four independent
pointsB,, D1, By, D2, the diagonal points of
the future quadrates.

By playing with a newModel 2 we can
convince ourselves that in this case the re-
sulting quadrangle is a square as well. As a
result of described experiments we can for-
mulate the next hypothesis:

Generalization 1
Two quadrateg\B,C:D; and A:B,C.;D, with the center©; andO,, of the identical orienta-
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tion are given. Lek, F, G, Hbe the midpoints of the segmeits?,,, B1B,, C:C, , DiD: .
Then the quadrangleFGH is a quadrate as well.

Experiment 3 (moving the middle points)

Why must the vertexes of the resulting figure be the midpoints?

Maybe the result remains valid in the case of arbitrary points which divide the segments joining
the correspondent points in a given proportion?

Modify our previous model. With this purpose a new macro-construction would be needed.
This construction will be the macro-construction Divide which divides the segment in a ratio
given by the segment and a point on it. Such a macros can be defined with the ideas of the
Fales’s theorem for example. Then the construction oMbeel 3 we modify with this mac-

ros picking an arbitrary poirE on the segmem\A; and then defining all the other poirfes

G, Hwith the macroDivide as points which divide the correspondent segments in the same
ratio.

Now with the mouse we can change the sizes of the squares and their mutual positions and the
place of the division points as well. As in previous case we can easily convince ourselves that
the resulting figure is a square. Thus we obtain the next generalization.

Generalization 2

Two quadrateg\B,C:D; and A:B,C.D, with the center©; and O,, of the identical orienta-
tion are given. Lef,, B, C; andD-, be the points of the segme®{g?,, B:B,, C,;C,; and D:D,
respectively which divide them in the same rdtieen the quadrangEGFH is a quadrate as
well.

Proof in Derive environment

Prove the generalization 2 wiberive

Let O(a, b) andO,(c, d) are the centers of the squaresBAC:D; and AB,C;D,. Denote
vectors QAi=n1(p, q), QA=nz(r, 9.

Declare vector constants in pack&grive (using commandBeclare, Constant
Ou=[a, b]; Oz=[c,d]; nu=[p, q]; mu=[-q, p]; n2:=1r, s]; mz:=[-s,r].

Express coordinates of the vertexes of the squares (using the same cobew@ads Con-
stan):

AL:=01+n; Bii=01+m; Ci=01r-m; Di:=01-m; A =02+ ny;
B> =02+ m; D2:=02-mp; C:=03-mp;

Declare the functio@ivide:

Divide (x,y,t):=(x+ty)/(1+1).

Declare coordinates of the poirEs G, F, H which divide the segmenA,, BB, CiC,,
DiD; intheratiot: 1:

E:= Divide (A, A, t); G:= Divide (B, By, t);

F:= Divide (Cy, C,, t); H:= Divide (D4, Do, t).

Find the difference of the vectolHe - FG:

(E-H)-(G-F)
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Simplifying this expression (commai@implify) we obtain [0, 0]. Consequently, the quadran-
gle EGFH s a parallelogram.

Evaluate now the scalar product of the vecteé@and GE (input in author mode the expres-
sion (G - F).(E - G) and then simplify (comman8implify) this expression we obtain zero
Thus we have proved that the quadrakgB-H is a rectangle.

Compare the length of the sideE& and GE of this rectangle. For this purpose declare a new
functionSModV(Square of theModule of theVector):

SModV(x): = x.X

Evaluate the differenc&ModV(G - F) - SModV(E - Gimplification of this expression gives
zero, consequently this rectangle is the square. Remark that the B@Rtecan degenerate
in a point.

Further generalization

Experiments with arbitrary similar quadrangles allow one to formulate the following generali-
zation:

Generalization 3

Let F, andF; are two similar figures in the plain of the same orientation (it means that there
exists a similarityf of the first class, which maps the figlfeonto the figure~.. For each point

X, of the figure Fand a point %=f(X,) of the figure E define a point X, which divide the
segmenX; Xz in a ratiot (X;X : XX =t) Then the figurd=, which consists of all such points

is similar to two original figures or consists of the single point.

Proof this hypothesis.

The radius-vector of a poiM will be denoted asM in further.

Let X and Y are two arbitrary points of the figure;FLet X =f(X1) and %=f(Y).
Denote througiX andY the points, dividing the segmerXsX;andY1Y: in a ratiot.
Then:

X =(X1+tX,)/(A+t),
Y=(Y1+tY,)/(1+1).
As a consequence we obtalY =( X Y+ tX Y)/(1+ X

Therefore we have XY’ = (X Y>+2tX Y X Y+ & X ¥)/(1+ )t

Denote agp the angle between the r&yY: and its image under the similarity This angle¢
is a constant because of the nfiap of thefirst class similarity. With respect to the relation
\XZYZ\ = H( X \ﬁl, wherek is the coefficient of the similarity we finally obtain:

5 1+ 2tcosp +t°k? 2
‘xw = (1+t)2 ‘lel‘ *

ConsequentlyXY = d X \f( whereC is a constant.

Thus, the figurd= is similar to the figuré, if k > 0, in the cas&=0 the figure Hs a point.
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Remark that in the most general caSerferalization 3 the proof was done without the com-

puter help and was more simple and natural. It is rather general situation because of from the
general point of view the unimportant detail are disappearing and the matter of the fact became
more clear and obvious. Nevertheless the computer experiments have played the substantial
role in the process of generalization. By the way the discussed above proof could be done on a
computer as well but all the analytic calculations were so simple that the computer help was

unnecessary.

Last remarks

As it is clearly seen from the given above proof the fact stay valid in the case of an arbitrary
dimension (not only in the case 2D, but3D, 4D etc. as well).

The successfully proved fact can be used in computer animation for modeling continuous
transformations of figures in plane or space.

Other problems

In this paragraph we’ll discuss some new results in plane geometry (by our mind), which were
discovered through the computer experiments in Cabri and then proved in Derive by authors
just at the same mentioned above manner. The details of the correspondent experiments and
proofs will not be discussed in view thereby the lack atsp(the methodology and technique

of them could be shared from the previously discussed problem.

Theorem 1

Let three equilateral trianglesiB:C;, AB.C, and ABsC; of the same orientation are given.
Let the points P,Q,R are the middle points of the segmeBts GB; and GB; respectively.
Then the triangle PQR is quadrilateral if end only if the triangl@.As is quadrilateral.

Remark 1

The necessary part of the Theorem 1 is well-known (see for example [2], p. 100), the sufficient
part is seemed to be new.

Theorem 2

Let two equilateral triangles #:Ci1, AB.C, of the same orientation are given. The equilat-
eral triangles AAAs, BiB:Bs and GC,C; of the same orientation are built on the segments
AlAz, BB, and GC,; respectively. Then the triangleBCs is equilateral.

Remark 2

Last two theorems as it could be easily seen are the particular cases of the next theorem which
could proved in Derive in general form as well.

Theorem 4

Let n regular m-polygons at the plamgA?... A", AA... A" and A'A... A" of the same ori-
entation are given. Then if two n-polygoASA... A and A°A... X are regular then all the
remain n-polygonsA A... A (i=34....,m are regular as well.
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