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From Counting Raindrops to the Fundamental Theorem

Josef Bohn?, BHAK St.Pélten
W.Prépper?, Bayernkolleg, Niirberg
email: ¥ Josef.Boehm@blackboard.at,

2 w.proepper@wpro.franken.de

In this workshop you will use the Propper-Bohm coproductimeg() , a TI-92
package, to explore various numerical integration methods, compare their convergence
and find a way to the Fundamental Theorem. Although a couple of examples have been
provided, additional comments, suggestions, improvements are appreciated by both
presentators.

The problems offered are only suggestions and can be changed and extended in many
ways. The presentators hope to initialize own ideas and investigations for enriching
calculus teaching in the class room. Some of the problems could be a source for class
projects.

X

1) f(x) = 2(x+2) e 3

Find the area enclosed between the graph andakis for -1< x < 6.

* Plot the function graph and find an approximate value using 7 strips. U$é 98efor
calculating the function values. Produce a hand sketch of the graph with the in- or
circumscribed rectangles or trapeziums.

* Useinteg() and apply the Monte Carlo Method. (with at least 200 "rain drops").

Add all results of your group and calculate the average.

Produce a graphic representation of the mean for n=200, 400, 600, ....... drops.

* Apply other methods using n = 20 strips (graphically), note the results.

Compare the results with the "Random result".

(Geom. Sequence decomposition does not work, because of one negative bound)

» Apply Option[F4] to compare the convergence of the methods. (Choose 3).

» 1. Generalization: Try three methods uginstrips. Find the limit for n- oco.

Do you have any idea, why both LowerSum and UpperSum don’t work?

» 2. Generalization: Try three methods usmgndb as lower and upper bounds. Find
again the limit for for n» c. Save one result asea

* Leave integ(). In the Home Screen substituter the upper bound b and define an
area functionarea(x) with x as variable upper bound. Find the 1st derivative of this
function!!!

2) f(x) =sin(x);

Find the area between graph analxis for 0< x < 21t

Produce tables for different methods for n = 10,20,30,......... (graphic representation!)
Monte Carlo with n = 100, 200, 300, 400, 500, 600, ......

f (xX) =|sin@x)| 0<x< 2, same as above
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3) Explain the Pulcherrimd
x2 3 3x 12
= -t —+—
DA TN="15"0% % "5
* Apply Simpson’s Rule and Pulcherrima usingstrips. Can you interpret that
unexpected result?
* Make it possible to apply the "Geometric Sequence Decomposition" despite the

negative lower bound!

—1<x<3

5) Find the generalized integration rules for:
b

b b bC
Ic xP dx Ic eP” dx Ic sinx dx; I— dx
a a a aX

6) Make a conjecture for a formula for the area of an ellipse.

7) How to handle a discontinuity within the integration range?
4
10
* a) |;==dx withn=10,...... ,60 (10) any method!?!
-!).SIXZ

which of them will not work and why not?

4
10
——=0dx withn strips and n» o, a - 0
-!).SIXZ

4
10
+ b) [—dx withn=10,..... , 60 (10) any method!?!
X
0
. Can you see a difference in the convergence behaviour?
4
1
«  J=dx withnstripsand n- , a- 0
X

0

8) Find a function with two jump discontinuities. Produce a numerical approximation for
the area between the function graph and y = 0. Is there any thing you have to take care of?
Plot the function graph and the integral function on the same set of axes.

9) Find a function with a non differentiable place within the integration range. Plot the
integral function.

10) There are some relations between the various numerical approximations. Verify - and
then proof!? - the following ones using a self chosen function:

well known and easy explained: [(BSrrap = Sert + SkigHT.
well known? 30Ssimpson= Srrap + 2 USup
also well known? 3*®PsoN(h) = 4*TRAPEZ 2h) - TRAPEZ h)
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11) Try the following: take a generic function g(x) or wolfgang(x) or josef(x), bounds

a and b, number of strips = 1 and choose any method. Interpret the result.
10

[5(e5 + )

12) Find a numerical approximation f dx
) PP (TR

2
How many strips are necessary to obtain a 4 digit accuracy

* Left- or RightSum,

* Midpoint Rule, Trapezium Sum,

e Simpson’s Rule, Pulcherrima.

e Compare with th@1-92°snint -function.

4
[ _

13) Find a numerical approximation for? e dX; X=350=15
2

Selected answers

e FE — fa
it Pram IO s ae-o

. |Orops: 2007 - in aread ¥
Random Rain: Lo
24, 2550 o Area of the rectangle =7 * 9 = 63
e 63 :area=77:200 --> area = 24.2550
approxt 2..'? Y
24, 2550 / -
==» [EMTER] g

! = ot
HTEG_E KRl AUTD FUHL 0750
1 FE F= Fu FE FE™ _F7 |’F1 T Fzv T [E T Fu T FEx T FE™ TF? T ]
- E Flot Setup|Cell{Header|Calc|Util|Stat - E Zoon|Trace [ReGraph|Math (Oraw( - ﬁp
DATH
hd-ﬂ £3 X

i

T |zo0 24, rosn[zon 24, ZoEh

z [zoo FErirgols BT 25. 9575

3 [zom e [0 26 . BOTH

4 [Zoo 26, 4100[z0E 26. 5o

5 [Z00 26, DE1A[1O0E |26, 4500 C| T

& [zZom EREFS ] I T P

7 [Eem [19.e3s0[1400  |74. 4050

cl=seq¢200.n,.1,.11>

INTEG_E FAD AUTO FUMEC INTEG_E FAD AUTO FUMEC

B EES ErH 1 Fewr F= F4 FEwr Far 7
g |Fe g E=T=Z: R P ] - E Zoon|Trace [ReGraph|Math (Oraw( - ﬁp
LT =T Y =1 LeSum = = m
24,6095 24,5625 mgm ; ; ;
24,5744 24,5626 . . Simps © % @
24,5675 24,5626 B &5 0w & & &
24.5655 24,5626 +
24,6026 24.555% 24.5645 24,5626

L 24,5965 24,5599 24.5639 24,5626

== [ENTER]I continue ==[Enterl

INTEG_E FAD AUTO FUMC B/30 |FALEE INTEG_E FAD AUTO FUMEC ALZEl
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|’ FLiT T T T T T
Tools Par‘ams Methnd Enmpar IntFunc, Expls ]

actual function: numerically
—*
Flxd= 2[5+ 2] =
wE[-2 .. 7l; usl-1 .. 101

Integration range: [-1 .. &1
Humber of strips-dropsi n

INTEG_E FAD AUTO FUNC 1430

[plrocess displaged results End=I[Enter]
IHTEG_E RO AUTD FUNHL 1730 | EUEY |

- i
N PR Y
AT BETS

Mid Point Rule: Climit for pee)
gla e 3-11]e72

Simpsont

v v 7
98- le M4 By B0 T[Ty

- 2
3led g n2

INTEG_E RAD AUTO FUMC 1./z0

[plrocess displaded results  End=[Enter]
U I

INTEG_E RAD AUTO FUHC 1/20

[plrocess displaged results  End=[Enter]
LU

B S

Fiv Few v yr TE-
[Tn:u:rls Farams |Method Cn:impar‘ IntFunc E:x:p-15 ]

Simpson: (limit for newes
gla.e™3-11].072

actual functiond numer-ical 1y
-

Flr=2(2+2)6 5
%E[-Z .. 713 wel-1 .. 18]

Integration range: [a .. bl
Humber of strips~dropsi n

INTEG_E RAD AUTO FUHC 1/20

[plrocess displaged results  End=[Enter]
LU

INTEG_E RAD AUTO FUHC 1/20

TAx T T%F L1

ffactory

T Tiv T
si-darafi s ig |

fexpandy

L approxt
fcomDeron
lime. .,a g)

Plimt. ., b, 7?2 j-E-n]-e

Trapeziun

T Lo P

[a-hl

:deF1n1tE integral
tdifferentiate
forig. result
Cl=tore as =+

[plrocess displaged results  End=[Enter]

Lunlm n Q¥

Trapezium sum: Climit for Rl

a a b
6 e (b+2)+T e ~(a+5) e e 2

INTEG_E RAD AUTO FUHC 420

INTEG_E RAD AUTO FUHC 1/20

Find an area function and produce its first derivative.

[plrocess displaged results  End=[Enter]
LU

|’F1 ']’ Fer TF3~rT Fi T FE T F&
- E Algebra|Calc|[0ther|[PramI0|C]ear a—z...]

& ™
Store as +i |ared | p—— Done
Erter=0F ESC=CANCEL "o
2 2 bl =,
6 led (b+2)+T e —(a+5]-e7 |8 =
expand{ansz{l})
INTEG_E RAD ALUTO FUHC 4/20 INTEG_E RAD ALUTO FUHC /20
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|’F1 ']’ fer Tr3~rT For T FE T F& 1 For F&
vE Algebra|Calc|[0ther|[PramI0|C]ear a—z...] Eﬂlgebra Calc Other F'r*-ngI:l Clear a—=z. ]
[ a 2 h] =N L] Le=] L") [eF] 0 3
I ) = cne
E Tb+2)+ 3 e [a+3]-e & " arear)
a a bb _= _= _3 _3
" expand| -6 (I-J+2:I+39 —I:a+5:|e Beoxee D —30-e S +6-3-6 5 +3I0-e 7
G- 3 &b 34 TR Tw
[93]1’3 (a7 (B)YF (oB)F| |mamlareat) 2% e 3 +de 3
anzt1>+areaChd| dlarealx) , x)
INTEG_E RAD AUTO FUNEC /30 INTEG_E RAD AUTD FUNEC G/30

i PrngD| qﬁﬁﬁun

n-40

Uppetr sum: [ :
n
s /

approxs
B283
==» [ENTER]
HTEG.E RAD ALTO FUNC 0730 T

FE S
S [Pram IO L a-o
Uppetr sum:

. /

approxs
5142
==» [ENTER]
HTEG.E RAD ALTO FUNC 0730 T

random decomposmon (n = 20)

- F'r*ngI:ll

Monte Carlo with 1000 drops

T T y 5 F'r'"EINII:Il

T &
Fand. Subdiu. Random Rain: DPDP;S_'. mE'E' 1n:._‘_ar:e,a- e
-. Q277 / 4.1469 T
El=T=l gl SpphoxE
S BEFY 4. 1459
== [EHMTER] == [EHMTER] - A i
HTEGE RAD_AUTO FUNC 0720 TIMeE:|  [INTEG.E RAD_AUTO TINC 6750 PAUSE
3)
FiT o FIr [ o 3
[Tn:u:rls Farams |Method Cn:impar‘ IntFunc E:x:p-15 ] i Bl ]

actual functiond numer-ical 1y

L3 z
_ w7 F-m 3o
fl=—z ot 2

+12-5

#E[-Z.0000 .. 4.0000]73 ys[-1l.00oa ..
Integration range: [-1 .. 31
Humber of strips-dropst n

Simpsont

irz
15

INTEG_E RAD AUTO FUHC B/20

[plrocess displaged results  End=[Enter]
INTEG_E RAD AUTH FUNC_6/=0 |

Translation to enable the geometric sequence decomposition

|’F1 ']’ Fer TF3~rT Fi T FE T F&
- E Algebra|Calc|[0ther|[PramI0|C]ear a—z...]

F:I.‘F']’ZT ']’ TrsvTrs
[Tn:u:rls Farams Hethnd Cn:impar‘ IntFunc|Expls ]

'::{3 3-::{2 SR

actual functiond araphically

- -3 z2 .
" of 15 ~~18 tTz Tl POt Sl \-LE- PP
(k=21 Z(x-20% 3(x-2) oA
[ — e — e — "
- + +12-5 %
15 ic 2 ®E[-Z2. .. F.l3 ys[-1. .. 4.1
'::{3 + }{2 + 19-x 1915 Integration range: [1 .. 531
15 16 i Humber of strips<drops: 10
integ{)
TNTEG.E RAD AT FUNC 2730 THTEG.E RAD AT FUNC 5730
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VR P amI0] e e o .
el ”T oo lprantofise s The generalization with limit n. o does
Geon. sequenc not work. TheTl is unable to compute
{75210 the sum. But you can do it by parts:
-x"3/15 leads to partl, ......
E'PIPI";-‘“ The sum of the four limits i<72/15.
==>. [EMTER ] / \lll (fortunately!!!)
NTEG.E RAL AT ST T T
5)

i ']’ G ']’ ']’ ']’ 5 T TE v 7
[Tn:u:rls Farams Hethnd Cn:impar‘ IntFunc|Expls ] 5s H T E:T “s T i Bl ]
actual function: numer-ical 1y Geom. sequence:

HOEES

#E[-Z2.0000 ., F.0000]7: gs[-1.00oa ..
Integration ranmget: [a .. bl
Humber of stripssdrops: n

z-[[%ﬁ- e
7

[plrocess displaged results  End=[Enter]
 ELCY

INTEG_E RAD AUTO FUHC 1/20

INTEG_E RAD AUTO FUHC 1/20

s _EE
I e RUPRPToH LS "'"5

Geom. sequence: Climit for newel

o)«

[plrocess displaged results  End=[Enter]
INTEG_E RAD AUTH FUNC _1/=0 |

Unfortunately the Tl is unable to
perform the summation for the trig
func-

tions. So we cannot derive the
integration rules for sin(x) and cos(x) -
unlike carrying through the same
process WittDERIVE

2 2
. X y 3 2
6) Elipse (@a=5b=3);-+ — =1 - y=+—-,25-x
25 5

Fiv T FS i
TDDlElPaPaNElMEthDd Enmpar IntFunc, Expls ] idg |Prgm IO fgaae .s:--::..J
actual funchion: araphically Randam Rain: DP?.'.:S. 1E|E|I_EL' i lrl‘l flr_‘:ﬁ?!.:'_fBE

.2 4.2 ; =
3 - 23
F3) = 3o dxZ-25) = )

wEl-6 .. 613 usl-1. .. 4] SPRrox

Integration range: [-5 .. 51 24,2

Humber of strips-dropsi 1000 ==> [ENTER] L : ; 3
INTEG_E FAD ALTO FUME 1730 NTEGE RO AUTO FUNC 030 3
rfim]’ Fev Trzv‘l’ Fur T FS T F& ] |’ Fiv T T T T T ]
~ f—|Alacbra|Calc|Obher [PramI0|Clear a-z.. Tools Par‘ams Methnd Enmpar IntFunc, Expls

actual function: numerically
.2
Il lw==-25
® ipmtegl) Dake flxa= %
mzpg 24,2
"24.15-2 48.3 %[ -6.0000 .. £.00001;  us[-1.0000 ..
u 458_'33 3. 27 Integration range: [-5.0 .. 5.01
- Humber of strips-dropsi SO

ans(12-Ch%3>
INTEG_E RO AUTD FUME 4750 INTEG_E FAD ALTO FUME G730
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Factuf(

AR SEELE o

|’F1 T Fev Trsz Fur T FS T F& ]
- E Algebra|Calc|0ther|PrgmI0|Clear a-=..

fexpandt
fapprox.
ormberncm
m( ,a,?)

Simpzon:
23.5522

T cT?S
tinite integral
ittferent.iate

=H DPlﬁ result

[plrocess displaged results End=I[Enter]

ic
fli
flim
flim
i
fde
id

INTEG_E FAD AUTO FUNC 1430

m jptegl) Dare
mh_ell 23,5922
m2E 5521943337292 47 . 1044
- 4?.194%?266?458 2. 1403
ans (13- CI%52

INTEG_E FAD AUTO FUNC 4430

The root describes a circle with area =t2all function values are multilpied by 3/5, so

7a)

7b)

the area of the elllpse should be:

e Fiv
i i ﬂ.] TDDlsFaPamshethndEDmpar.IntFuncExpls
N1bum
actual function: numerically
1o 37.0333
10
20 39,2153 F(x)=ﬁ
30 40,2776 *
40 40, 9430 wE[ -6, 0000 .. 6.00001:; wsl-1.0000 ..
SO 41,4273 Integration range: [a .. 4.01
Led 41,7325 Humber of strips-drops! n
== [ENWTER]I
INTEG_E RO ALTO FUME 1730 EME|  |INTEG-E FAD ALTO FUME 1730

Geom. sequence:
z 1
n

2 2

£ 1n(2)-[ 2,2

h 19-[2”-[&] —1]-.9 s
a x

k_1 1
dln n . n[l]n
a z a *

Geom. sequence: Jwith a>0>
2 -1
-16-2273 [(2.5) 173 - 3).2n .4 T N 5173

1 277°( 2 .
alam 4o 123 JFn gy

+

INTEG_E FAD AUTO FUNC 1430

[plrocess displaged results End=I[Enter]
LEL:|

INTEG_E FAD AUTO FUNC 1430

[plrocess displaged results End=I[Enter]
LEL:|

Geom. sequence: (limit for nee)

za-(rz 21177 - 2]
13

Geom. sequence: (limit for a20+)
[=io]

213

approx: 47.6220

INTEG_E FAD AUTO FUNC 1430

[plrocess displaged results End=I[Enter]
LEL:|

INTEG_E FAD AUTO FUNC 1430

[ Fiv T T T T T ]
TDDlsPaPamsMethndEDmpar.IntFuncExpls

1208721

20 2442406
30 36V.6104
40 490,9304
S0 &14.3504
GO0 VIV.V204

==} [EHTER]

actual function:

i
flx)=—=
w

numerically

®E[ -G, A0 .. &.00@E71; sl -1.008@ ..
Integration range: [a .. 4]
Humber of strips-drops! n

INTEG_E FAD AUTO FUNC 5430

INTEG_E FAD AUTO FUNC 5430

[plrocess displaged results End=I[Enter]
LEL:|

Geomn. sequences

4:3-27[%] 102

Geon. sequehce!
“S5-la-4)

z 1
[Ln 23
a

1
n

s [Fara]

[plrocess displaved results

(limit for neel

End=[Enter ]| [plrocess dizpladed results

Geom. sequence! (limit for a0+

w

End=[Enter 1| [plrocess displaged results

INTEG_E

RAD AUTO FUMC =/20

T INTEG_E

KAD AUTO

FUMC 230 _IINTEG_E KAD AUTO FUMC 230

End=[Ent.e+]
T
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8)

FiT Far [ [
Tools Par‘amsTMethodTCompar‘

actual function:

flr=signix + 2) +signix — 4) + , S0O0

#E[-F .. G.O0331; ge[ -5, 0008 ..

S.00

1. Intearal
function:

Intearal function #1

J‘>f4 Frhydt ==+ 2] + [ — 4 + 5000 = - 2.00

Integration range: [-4 .. 51
Humber of strips-/drops: 15 [nlew IntFundg
[alnalutical ]
[21nd R ;
[ lew IntFunc [alraphically Leln
INTEG-E FAD ALTO FUNC 2730 NTEG_E KD AUTD FUNC 0730 T |inTesE RO ALTO FUNC 0730 el |
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